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In Classical Language

Oda[1977] proved that there are linear maps
Si(X; ) — Sj_n=2(To(N), x)

The maps are constructed by integration against 6-kernel.

Weil[1964] constructed a unitary representation for 757) giving
group-theoretical interpretation and generalization to the theory
of O-functions.

O(2,n) and SL(2,R) form a dual reductive pair in the sense of
Howe, and the Oda correspondence can be reinterpreted in
terms of representation theory.
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Representation Theoretic Reinterpretation

Stone-von Neumann theorem

e W a symplectic space over k
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Representation Theoretic Reinterpretation

Stone-von Neumann theorem

W a symplectic space over k

W =X®Y a complete polarization

H the Heisenberg group attached to W

e M a maximal abelian subgroup of H
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Representation Theoretic Reinterpretation

Stone-von Neumann theorem

W a symplectic space over k

W =X®Y a complete polarization

H the Heisenberg group attached to W
M a maximal abelian subgroup of H

Stone-von Neumann theorem

An irreducible unitary representation of H is completely
determined by its central character v. More precisely, it is
isomorphic to (the L%-induction) 7, :=Indi ).
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Representation Theoretic Reinterpretation

The Schrodinger Model and Weil Representation

Sp(W) acts trivially on Z = Sp(W) preserves 1)

Schur’s lemma gives a representation of Sp(W) on 7y, called the
Weil representation py.

Realize pj7 on the Schrodinger model S(Y)

(0 s ) = xaenyraty)

(& 7)) = w0

(_0,n /g)f(y) = ()

(f is the Fourier transform and x and ~ determined by 1))
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Representation Theoretic Reinterpretation

e W a symplectic space over k
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Representation Theoretic Reinterpretation

e W a symplectic space over k

e V an orthogonal space over k
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Representation Theoretic Reinterpretation

e W a symplectic space over k
e V an orthogonal space over k

e W=Wu®V is a symplectic space
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Representation Theoretic Reinterpretation

W a symplectic space over k

V' an orthogonal space over k
e W=Wu®V is a symplectic space
G = Sp(W), G'=0(V), G = Sp(W)
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Representation Theoretic Reinterpretation

W a symplectic space over k

V' an orthogonal space over k

e W=Wu®V is a symplectic space

G = Sp(W), G'=0(V), G = Sp(W)
(G, G') a dual reductive pair in G

Li Zhong On Certain Automorphic Forms Associated to Quadratic Forms



Representation Theoretic Reinterpretation

e R(G,v) = {x|Homg(py, ) # 0}
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Representation Theoretic Reinterpretation

e R(G. 1) = {rlHomg(py. ) # 0}

e Conjecture (Howe Duality)
R(G x G',1) is the graph of a bijection between R(G,) and
R(G', ).
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Representation Theoretic Reinterpretation

e R(G. 1) = {rlHomg(py. ) # 0}

e Conjecture (Howe Duality)
R(G x G',1) is the graph of a bijection between R(G,) and
R(G', ).

e This conjecture is proved by Mceglin-Vignéras-Waldspurger and
Howe.
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Representation Theoretic Reinterpretation

e R(G.,¥) = {mHomg (p,. m) # 0}

e Conjecture (Howe Duality)
R(G x G',1) is the graph of a bijection between R(G,) and
R(G', ).

e This conjecture is proved by Mceglin-Vignéras-Waldspurger and
Howe.

e The correspondence is called Howe duality correspondence.
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In Adelic Language

Consider p,, over A = Ay (1)

Theorem (Poisson summation on Y, )

There exist a unique Hj-invariant distribution, on the Schrodinger
model it is realized as

o(e) =) o(y)

yeYk

This distribution is also Gg-invariant.
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In Adelic Language

(G, G') a dual reductive pair in G
¢ a cusp form on G’

0@ 2)(e) = [ Ohe - 9)a(h) o

the theta lift of ¢ gives an automorphic form on G.
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Computation at real places

Computation at real places

e (SL(2,R), O(2,n)) forms a dual reductive pair in Sp(2 + n,R)
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Computation at real places

Computation at real places

e (SL(2,R), O(2,n)) forms a dual reductive pair in Sp(2 + n,R)
e Casselman’s subrepresentation theorem allows us to look at the
principle series only.
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Computation at real places

Computation at real places

e (SL(2,R), O(2,n)) forms a dual reductive pair in Sp(2 + n,R)

e Casselman’s subrepresentation theorem allows us to look at the
principle series only.

e On the Schrodinger model the action of s((2) is

0 0 n+2

B o= xq— ...

X 6x1 + * Xn+2 6x,7+2 2

i
T T I R

i [ 02 92 9?2 02
F=Slaetae a2 a3

2\ Ox3 Oxy  Ox3 ox; 12
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Computation at real places

S Space of Schwartz functions of 2 + n variables
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Computation at real places

S Space of Schwartz functions of 2 + n variables

A = Sy Schwartz functions vanishing to infinite order at the origin
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Computation at real places

S Space of Schwartz functions of 2 + n variables
A = Sy Schwartz functions vanishing to infinite order at the origin

e We have a short exact sequence

0 A S C 0
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Computation at real places

S Space of Schwartz functions of 2 + n variables
A = Sy Schwartz functions vanishing to infinite order at the origin

e We have a short exact sequence

0 A S C 0

e Dualizing
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Computation at real places

S Space of Schwartz functions of 2 + n variables
A = Sy Schwartz functions vanishing to infinite order at the origin

e We have a short exact sequence

0 A S C 0

e Dualizing

0 Ccr S* A* 0

e (C* spanned by Dirac delta and its derivatives

cr=pc-s
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Computation at real places

Consider the commutative diagram with exact rows:

0 Cc* S* A* 0

0 Cc* S* A* 0

ej's are (induced by) the operator e
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Computation at real places

Consider the commutative diagram with exact rows:

0 Cc* S* A* 0
0 Cc* S* A* 0

ej's are (induced by) the operator e
By the snake lemma we have a long exact sequence

0 kerey kerey keres cokeregy —— - -+

e1 is surjective (take Fourier transform...) so cokere; ~ 0 and we
have a short exact sequence!

Li Zhong
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Computation at real places

Se
A
¢

rewrite it as

0 Ce

(archimedean) Jacquet module of pj,

(tempered) distributions supported on the light cone

reduces to classical invariant theory

Li Zhong
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Computation at real places

2
Ts=h—s— % a holomorphic family of operators
0 G S AL 0
TST TST TST
0 Ce Se Ae 0

Classical invariant theory implies the first arrow is a bijection
unless s € Z<g
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(0(2, ), SL(2,R))

(0(2,2), Sp(2, R))

Discrete Series

Proposition
The discrete series of O(2, n) occurs when its highest K-type has

highest weight (k,0,---,0) where k > g + 1 is an integer and the
corresponding discrete series of SL(2,R) is V|, n-2.
2
Vik— V| _n2
2
Remark
» The method is distribution-theoretic

» Generalizes to nondiscrete spectrum as well as other groups
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(0(2, n), SL(2,R))
(0(2,2), Sp(2, R))

Discrete Series

The pair (0(2,2), Sp(2, R))

» 0(2,2) is isogenous to SL(2,R) x SL(2,R)
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(0(2, n), SL(2,R))
(0(2,2), Sp(2, R))

Discrete Series

The pair (0(2,2), Sp(2, R))

» 0(2,2) is isogenous to SL(2,R) x SL(2,R)

» Only products of holomorphic discrete series occur

Vm ® Vn e Bm,n
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Discrete Series

The pair (0(2,2), Sp(2, R))

» 0(2,2) is isogenous to SL(2,R) x SL(2,R)

» Only products of holomorphic discrete series occur
Vm ® Vn e Bm,n

> B, n the"big” discrete series of Sp(2,R)
Blattner parameter is (m, n)
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(0(2, n), SL(2,R))
(0(2,2), Sp(2, R))

Discrete Series

The pair (0(2,2), Sp(2, R))

v

0(2,2) is isogenous to SL(2,R) x SL(2,R)

Only products of holomorphic discrete series occur

v

Vm ® Vn e Bm,n

v

Bm,n the“big" discrete series of Sp(2,R)
Blattner parameter is (m, n)

v

Bm.n is generic
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(0(2, n), SL(2,R))
(0(2,2), Sp(2, R))

Discrete Series

The pair (0(2,2), Sp(2, R))

v

0(2,2) is isogenous to SL(2,R) x SL(2,R)

Only products of holomorphic discrete series occur

v

Vm ® Vn e Bm,n

v

Bm,n the“big" discrete series of Sp(2,R)
Blattner parameter is (m, n)

v

Bm.n is generic

\{

Bm,n the local components of liftings of Hilbert modular
forms.
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Discrete Series

e +eo

%,

oL

Figure: Root System for Sp(2,R) and Range for Blattner Parameter
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Discrete Series

Figure: K-types That Occur for Holomorphic Discrete Series
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Discrete Series

Figure: K-types That Occur for the Big Discrete Series
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