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The objective of this notes is to try to understand representation theory of the compact orthogonal
and unitary groups.

eComplete reducibility and finite-dimensionality

eTheory of highest weight

eRepresentations of unitary groups

eRepresentations of orthogonal groups

Complete Reducibility and Finite-dimensionality

The existence of Harr measure and the compactness of G allow us to get a G-invariant Hermitian
form on any Hilbert space representation of G through integration, thus making the representation
unitary:

Suppose (, )1 is any inner product on a G-representation space H, define a new inner product (,) by

(u,v) :/G<gu,gv>1 dg

It is easily checked that this new inner product is G-invariant.

We can prove the Peter-Weyl theorem, which states that the regular representation of G on L?(G)
can be decomposed as a Hilbert space direct sum into irreducible finite-dimensional representations.
After this, a trick that can be found in Lang’s Real Analysis proves easily that all irreducible
representations of G are finite-dimensional. And we can proceed to get complete reducibility. Notice
here we needed only the fact that G is a compact group. If we require further that G be a Lie group,
then we can prove that G is in fact linear.

Theory of Highest Weight

A real Lie algebra g is called compact if the group Int g is compact. The Killing form of a

compact Lie algebra is negative semidefinite. On the other hand, if the Killing form of a Lie algebra
g is negative definite, then g is a compact Lie algebra (without center).
For the moment let g be any Lie algebra. We can decompose gas g=n® hEn where b= P n is
called the Borel subalgebra of g and [b,b] = n and [h,n] = n. Let A = A(g,h) be the set of roots
and ¥ = X(g, h) be the set of positive roots. We list the root system for the classical groups below.
n is the rank of G e;(diag(ay,--- ,a,)) = a;:

1. Type A,, n>1
G = SL(n+1,C) is connected. K = SU(n + 1) is a maximal compact subgroup.
g =sl(n + 1,C) is the Lie algebra of G.
A = {61‘—6]‘}, AT = {62' —€j |Z <j}, Y= {67;—67;+1|Z.: 1,--- ,TL}

2. Type B,,, n > 2
For G=50(2n+1,C), K =50(2n+1), g=s0(2n+1,C)
A = {iei + €5, iei}, AJ'_ = {ei i€j7€i|i < ]}7 Y= {ei — €41, en\i = 1, e, N = 1}

3. Type Cp,, n >3
G = Sp(n,C), K = Sp(n), g = sp(n,C).
A= {:I:ei + €5, :EQBZ‘}, AT = {6’1‘ :|:€j, 26i|i < j}, Y= {ei — €41, 26n|i = 1, e, — 1}

4. Type D,,, n >4
G = 50(2n,C), K = 50(2n), g = s0(2n,C).
AN ={te; tej,}, AT ={e;Ltej,li<j}, T={e;—eiy1, en1+epli=1,--- ,n—1}



Consider finite-dimensional representations of g. Any such a representation V' admits a weight space
decomposition: V = @ V. We can fix an order on X, or equivalently, fix a positive Weyl chamber,

A
this gives an order on all possible weights. The fact that V' is of finite dimension implies that there is
only a finite number of weights, so we have a highest weight with a chosen ordering. Such a highest
weight p is characterized by the following properties:

1. Vwg €V, we have nug =0. So V, CV"={v eV :nv=0}
2. p is dominant and algebraically integral

3. If V is an irreducible representation, then V,, = V" and is of dimension 1. Moreover, V is
uniquely determined by pu.
There is also an existence statement, which provide us with an irreducible finite-dimensional rep-
resentation with highest weight u for any dominant and algebraically integral linear functionals on
h. Thus, dominant and algebraically integral linear functionals on h stand in one-to-one correspon-
dence with the irreducible finite-dimensional representations of g. Weyl’s unitary trick then gives
description of all irreducible representations of a compact connected Lie group.

Representations of Unitary Groups

Let us start by giving some examples of representations of G = U(n) (and thus of SU(n)).

1. Consider the natural action of G on S*C", identified with the space of homogeneous polyno-
mials of degree k in n complex variables. For any o € Z™, |a] = k, 2% is a weight vector

0
with weight a. The action of F;; is zza— Thus the only highest weight vector is z§. So this
2j

representation is irreducible.

2. Consider the natural action of G on \/k C™. Let uy,--- ,up be the standard normal basis of
C™, then the weight vectors are u, = u;, A--- Awuj, where j; < --- < j,. The weight being
v = (71, ,Yn) where v; = 1 if j appears in u, and 0 otherwise. The action of E;; is that
it changes the u; into u; if j appears in u,, and 0 otherwise. It is clear that the only highest
weight vector is u; A - - - Auy and the highest weight is e; + - - - + e;. These representations are
therefore irreducible, and we will see later that they are fundemental.

If A and p are highest weights for irreducible representations of G, so is A + . Then there exists
fundamental weights w1, - -+ ,wy with k being the rank of G such that each dominant integral weight
A (in other words highest weight for an irreducible) can be written uniquely as A = 25:1 n;w;j.

In the case of SU(n), the \/j C™s for j =1,--- ,n—1 are irreducible representations with high-
est weight w;. So every irreducible representation of SU(n) is a subspace of tensor products of
the fundamental representations \/j C™. (Thus they are in 1-to-1 correspondence with the Young
tableau with n — 1 rows.) Let a; = e; — ;41 be the simple roots of gc, and H; be the dual ba-
sis for the ay;, then the highest weight w; of the \/j C™is 1 on H; and 0 on the others. More explicitly,

wi:el+...+ei

Remark: Note here that the last term with a minus sign is identically zero on h¢, so we could
remove this term.

Theorem: The irreducible representations of SU(n) and hence holomorphic finite-dimensional
representations of SL(n,C) are parameterized by their highest weights A = Z;:ll njw;, where

the w;’s are described above and the n;’s are nonnegative integers.



U(n) is a direct product of its center and SU(n). So on any irreducible representation the center
acts via a character, and the restriction to SU(n) is also irreducible. So the irreducibles are indexed
by (A,n) where \ is a dominant integral weight given above, and n an integer giving the central
character.

Representations of Orthogonal Groups

Let us consider the special orthogonal groups first. We use the form defined by the matrix that
have 1’s on the anti-diagonal entries and zeros else where. There are two cases depending on the
size of matrix being odd or even.

Case 1. G = SO(2n + 1). The positive roots are ¥ = {e; — e;+1, epli = 1,--- ,;n — 1}, the coroots
are the dual basis consisting of H; — H;11 — Hpyi41 + Hpqito for e; —e;y1 and 2H,, — 2H,, 1o for
en. Thus the fundamental weights defined by the relations w;(Ha,;) = d;; are w; = ey + - -- +¢; for

t=1,---,n—1and w, = %(61 + .-+ ey). Similar to the U(n) case, the natural representation
on AFC?"*! have highest weight e; + - - - + €. Thus they have wy, -+ ,wn_1, 2wy, as highest weight.
For k=1, ---,n—1 the A*C?"*! are fundamental representations.

Case 2. G = SO(2n). The positive roots are ¥ = {e; — €;41, ep—1 + eyli = 1,--- ;n — 1}, the
coroots consists of H; — H; 11 — Hypyi01 + Hypyiyo for e, —e;pq and Hy, 1 + Hy — Hpp1 — Hygo
for e,_1 + e,. Thus the fundamental weights are w; = ey + -+ +¢€; for i = 1,--- ,n — 2 and
Whp—1 = %(61 + - tep1—ep), Wy = %(61 + -+ e,). The natural representation on AFC2nt1
have highest weight e; 4 - - - + ex. Thus they have wq, - ,wp_2,wn—1 + w, as highest weight. For
k=1,---,n — 2 the AFC?"*! are fundamental representations. While A”C?"*! is an irreducible
representation of O(2n), it decomposes into two representations of SO(2n) with highest weight
2wy, 1 and 2w,, respectively.
The full orthogonal group O(2n+1) is a direct product of its center Zs and SO(2n+1), so irreducibles
of O(n) are indexed by (A, €), where A = lywy +- - - +2{,,w,, with integers [; identifying the restriction
to SO(2n + 1) and € = £1 gives the central character.
For O(2n) we need to decide whether the representation of SO(2n) is type I or type II.

Iy o
Consider gg = 0 1 |],sothat O(2n) =S0O(2n)JgoSO(2n).For A = ljwi + -+ lpw, =

10

)\161 + 4 /\nen
1. If go- A # A, then [ ndgg(z)n)wA is an irreducible representation of O(2n). The condition is
equivalent to A\,, # 0, or l,,_1 # l,,.
2. If go - A = A, then 7 can be extended to an irreducible representation of O(2n) in two ways: )
on which gy acts trivially, and det ® 7y on which gy acts by —1.



