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Abstract

It is still an open question whether a constant mean curvature (CMC) disc which is bounded
by a circle is necessarily a spherical cap or a flat disc. The authors together with Lépez [1]
recently showed that the only stable CMC discs which are bounded by a circle are spherical
caps. In this paper we derive lower bounds for the area of constant mean curvature discs and
annuli with circular boundaries in 3-dimensional space forms.
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1 Introduction

A natural question to ask [3] is whether a compact constant mean curvature (CMC) surface which
is bounded by a circle is necessarily a spherical cap or a flat disc. A CMC surface with circular
boundary is the mathematical model of a soap bubble which has its boundary on a round hoop,
and the surfaces we almost always observe are spherical caps, so that it is natural to ask if these
are the only solutions. In [6] Kapouleas gave a negative answer to this question by showing that
for each g > 2 there are infinitely many such surfaces of genus g. However the original question
remains open if one requires in addition that the surface has genus zero or that it is embedded.
In the genus zero case the authors together with Lépez [1] recently showed that the only stable
CMC surfaces of disc type which are bounded by a circle are spherical caps. In this paper we will
use the Faber-Krahn inequality to convert this stability result into a lower bound for the area of a
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non-spherical CMC disc type surface in the Riemannian space form M?3(c) which is bounded by a
circle of radius r. If ¥ is such a surface, we obtain (see Theorem 3) that its area A(X) satisfies

A(X) > max{A.(r,H), Ac(r, H)},

where 4
T T
1—r2(H2
Ac(r,H) = Mie Wie r2(H? +¢),
and 5 5
A(r, H) = 21 T \/1—r2(H? o).

H2+c H?2 +¢

In the case of CMC discs in Euclidean 3-space bounded by a circle of radius r» Lépez and
Montiel [10] obtained by a different method the lower bound

A(Z) > Ao(r,H) = 1+\/1—r2H2

where 0 < H? < 1/r?. Our result represents a strict improvement when 5/9r* < H? < 1/r%.
Indeed, an easy computation shows that A.(r, H) = A.(r, H) precisely when r*>(H? + ¢) = 5/9,
and in that case A.(r, H) = A.(r, H) = 6wr2. Moreover,

AC(TJH) > Ac(r,H) when 0< H?+c¢< %,

whereas

5 ) 1
Ac.(r,H) > A.(r,H) when WSH +c§r—2.

Therefore, the lower bound A,(r, H) is better than A.(r, H) when the constant mean curvature H

takes values 5 1
— <H?’+c¢ <

9r2 +
and in the case where H? attains its maximum value, H? + ¢ = 1/r?, the value of A.(r,H) is
exactly the area 47r? of a entire sphere with the same mean curvature. In contrast, observe that
when H? + ¢ = 1/r?, the value of A.(r, H) is just the area 27r? of half a sphere with the same

mean curvature.

A similar idea is used to give a lower bound for the area of a nonzero CMC annulus in the
Euclidean space E? which is bounded by circles of radii r1,r» which project to concentric circles
in a plane. If ¥ is such a surface which is not a surface of revolution, we obtain (see Theorem 4)
that its area A(X) satisfies

P ) 1/2
A() 2 B(ry,r2, H,P) := =5 H2 3 ( (Hr; + )z) 7
j=1,2 J

where P is a "flux parameter” defined below (see equation (18)). As a consequence, we can show
that for certain values (r1,r2, H, P) Delaunay surfaces are the unique area minimizers with these
given parameters.



2 A flux formula

Let M?3(c) denote the standard model of a simply-connected three-dimensional Riemannian space
with constant curvature ¢, ¢ € {0,1,—1}. That is, if ¢ = 0 then M3(0) = E? is the Euclidean
space, if ¢ = 1 then M3(1) = S® C E* is the unit sphere into the Euclidean space E*,

S?={z € E': (z,z) =1},
and if ¢ = —1 then M?(—1) = H? C E{ is the unit hyperbolic space into the Minkowski space E{,

H3 ={z € E}: (z,2) = —1,24 > 0}.

In this section we will derive a very specialized version of the flux or balancing formula for
constant mean curvature surfaces in M?(c), which we will need in the proof of our main results.
We refer the reader to [7] for another approach to flux formulas based on conservation laws and
momenta for constant mean curvature hypersurfaces in hyperbolic space.

Let us consider first the case where X : ¥—E3 is an immersion of a constant mean curvature
surface into the Euclidean space, oriented by its Gauss map v. Let a € E2 be a fixed arbitrary
vector and let a7 € X(X) denote its tangent component along X,

a’ =a—(a,v)v.

It then follows that
V,a' = (a,v)A(v)

for every v € X(X), where A = —dv denotes the shape operator of the surface. Therefore, the
divergence of the field a” on ¥ is given by

div(a”) = tr(VaT) = 2H (a,v),

where H stands for the constant mean curvature of the immersion, so that by the divergence
theorem we get

2 [E (a, v)dS. = ﬁ (anyds. (1)

Here d¥. and ds denote, respectively, the area element of ¥ (with respect to the induced metric and
the chosen orientation) and the induced line element on 9%, and n denotes the outward pointing
unitary conormal vector along 0%.

On the other hand, let a be the 1-form on ¥ given by
a(v) =det(X,v,a) ={(vAa,X), veXX),

which satisfies
(Vya)(w) = (v Aw,a) + (Av,w)(X Av,a)

for every v,w € X(X). From here, it follows that the exterior derivative of « is

da = 2(a,v)d¥,



so that (1) becomes
j{ (a,n)ds = H ¢ (¢ Aa, X)ds, @)
% a%
where t stands for the positively oriented unit tangent vector along 9%.

Consider now the case where the image of the boundary of ¥ is a planar Jordan curve I'. We
may assume, without loss of generality, that the plane II containing T passes through the origin
and is given by II = a*, for a unit vector a € E3. By choosing the appropriate orientation in II,
we see that n = ¢ A a is the outward pointing unitary conormal along T in II, so that from (2) we
obtain the following flux formula [§]

7{ {a,n)ds = H (n,X)ds =2H Area(Q), (3)
% %

where (2 is the planar domain bounded by T" in II.

Let us consider now the case of an immersion X : ¥—M?3(c) C E;1 of a constant mean
curvature surface into the unit sphere M3(1) = S* C E§ = E* or into the unit hyperbolic space
M3(—-1) = H?® C E{. Let a € E] be a fixed arbitrary vector and let a” € X (%) denote its tangent
component along X,

a’ =a—{a,v)v — c{a, X)X.

In this case we have that V,aT = (a,v)A(v) — ¢{a, X)v for every v € X(X), and the divergence of

a’ on X is given by

div(a™) = 2H(a,v) — 2¢{a, X).
Therefore, if we choose b € Eg another fixed arbitrary vector, we obtain
div({b, X)a" — {a, X)b") = 2H ({a, v)(b, X) — (b, v){a, X)),

and using the divergence theorem
oH /E ((a, v) (b, X) — (b, v){a, X))dS. = 7{9 (@b, X) = (e, X)) @)

On the other hand, let @ be now the 1-form on ¥ given by
a(v) = det(X,v,a,b) = (X AvAa,b),

which satisfies
(Vya)(w) = (v Aw A a,b) + (Av,w)(X Av Aa,b).

Therefore, the exterior derivative of « is
do = 2c((a, V) <b7 X) - <b7 V)<aa X))dza

and (4) becomes

?{ ({a,n){b, X) — (b,n){(a, X))ds = cH (X At Aa,b)ds. (5)
% %



3 Constant mean curvature discs

Throughout this section we will consider the case where the surface ¥ is a topological disc with
circular boundary. In the Euclidean case (¢ = 0) we may assume that this boundary is the round
circle given by

S'(r)={z € B : 23 = 0,27 + 25 = r?}

with 7 > 0. In the spherical case (c = 1) we may assume, by rotating S® in E* if necessary, that
this boundary is

S'(r)={z€S*CE*:23=0,23 =1—r% 27 + 2% =r?}

with 0 < r < 1. Finally, in the hyperbolic case (¢ = —1), up to a rigid motion of H® in Ef, we
may assume that X (90X) is the circle

S'(r) = { € H’ C B} : w5 = 0,23 = 1+1%,2} +a3 =17},
with 7 > 0.
When ¢ = 0, a direct computation gives
(a,n) = (E3,n) = rky,

where a = E3 = (0,0,1) and k,, stands for the normal curvature of the boundary. In that case,
the flux formula (3) implies

7{ knds = 2w Hr. (6)
%

On the other hand, when ¢ = £1, the boundary circle is described by the equations

T3 =O,wi =1—cr?,

so that choosing a = E3 = (0,0,1,0) and b = E4 = (0,0,0, 1), a straightforward computation gives
that along the boundary

(a,n)(b,X) =rky, (b,n)a,X)=0, (XAtAa,b)=r.

Here, as above, k,, denotes the normal curvature of the boundary. Therefore (5) gives again

knds = 2w Hr. (7
%

Now, let us consider V, the vector field on M3(c) given by
Vo(z) =Es Az

when ¢ = 0 and
VC(IL') =FE3NE;Nz

when ¢ = +£1. Observe that the field V; corresponds to the one parameter subgroup ¢? of rotations
of E? about the vertical axis, and the field V; (respectively, V1) corresponds to the one parameter
subgroup ¢} (respectively, ¢, ) of rotations of E* (respectively, E{) around the plane passing



through the origin and generated by E3 and E4. Therefore, if X : ¥— M?(c) is a constant mean
curvature immersion, then X; = ¢§(X) gives a one parameter family of isometric immersions with
the same constant mean curvature H, and the Laplacian A of the function

Y = (0e(Xt)i=0,v) = (Ve(X),v)
satisfies
Aty + (JA]? + 2¢)y = 0. (8)
Moreover, if X (0X) C S'(r) then X;(8%) C S!(r) for all ¢ and ¢ = 0 on OX.

Let us denote by ds? the metric on ¥ induced by X and by K its Gaussian curvature, and
assume that H2 4+ ¢ > 0. The traceless self-adjoint endomorphism 7' = A — HI, satisfies |T'|? =
2(H? — K + ¢) > 0, so that the function

u=2(H*+¢c)— K= (1/2)|T>+ (H* +¢) >0

on ¥ and d3? = uds? defines a metric on ¥ which is point to point conformal to the metric ds?.
Observe that in terms of u one gets |A|? + 2¢ = 2u. In particular, the Laplacian A of d3? is given
by A = u~!A, so that equation (8) can be rewritten as

Ay +2¢ =0. 9)

We will next state a curvature estimate for the metric d3* which is due to Ruchert [11]. The proof
below was given by Hoffman and Osserman [5].

Lemma 1 Let X : —M3(c) be an immersion of a surface ¥ with constant mean curvature H.
Denote by ds® the induced metric on ¥ and by K its Gaussian curvature. If H?+c¢>0, then the
Gaussian curvature K of the metric d3®> = uds?, where u = 2(H? +¢) — K > 0, satisfies K < 1.

Proof: The result is local so we may assume that the surface is simply connected. According
to a result of Lawson [9], the surface (¥,ds?) admits an isometric immersion X into the three
dimensional Euclidean space with constant mean curvature Hy satisfying HZ = H? + c. Clearly
we have d§? = (2H? — K)ds?. The last metric appearing on the right is unchanged if we replace
the immersion Xg by rXp, 7 € R* and so we may choose r so that the mean curvature of rXg
is identically one. Let ds? be the metric induced by 7Xo. Then we see by again using Lawson’s
result that (X, ds2) admits a minimal isometric immersion F into S3(1) C E%.

Recall from [9] that the map g : ¥ — Go(E*) which assigns to p € ¥ the normal 2-plane to F'
in E* is a minimal immersion when F is minimal. The metric d3? is exactly the metric induced
by g. Using the Pluecker embedding ¢ : G2(E?*) — S?(1) one obtains that the composition ¢ o g is
again minimal. The curvature estimate for d3? then follows from the Gauss equation for ¢ o g.

O

We are now ready to state and proof the main result of this section.

Theorem 2 Let X : (,0%)— (M?3(c),S'(r)) be a smooth immersion of a topological disc with
constant mean curvature H, H? + ¢ > 0. If the image of X is not a spherical cap then the area of
3 with the induced metric satisfies

4n s
A(Z) > Al(r,H) := H2+C—H2+C\/1—r2(H2+C). (10)




Proof. Assume that the surface is not a spherical cap. It was shown in [1] that the normal derivative
On must vanish at least at three points on the boundary of the surface. In fact this derivative must
vanish at least at four points on the boundary since ¢ must change sign across each nodal curve
interior to ¥. It follows easily that the nodal curves of ¢ partition ¥ into a collection of subdomains
which include at least three simply connected ones which we will denote by €;, j = 1,2,3. Since
1) does not change its sign on each Q;, equation (9) implies that the first Dirichlet eigenvalue of
the Laplacian A in each Q; is exactly 2.

We next apply the Faber-Krahn inequality to (£;,ds%). This inequality states that among
all simply connected surfaces of area A and with curvature bounded above by a constant k, the
first Dirichlet eigenvalue is minimized by the geodesic disc of area A in the simply connected two
dimensional surface of constant curvature k. It follows from Lemma 1 that we may apply this
result with x = 1, so that A(€;) > 2, and hence we obtain

AD) = / ds.
2
= /(2(H2+c)—K)dE
2
= 2(H?+¢) A(E)—/ Kdx.
b

> ) A(Qy) > 6,

j=1,2,3

that is,
3

1
A(D) > H2+C+Z(H2+C)/2Kdz. (11)

From the Gauss-Bonnet theorem, we obtain

/ KdS+ ¢ kyds = 2m,
b ox

where k, denotes the geodesic curvature of the boundary of ¥. Combining this with (11) gives

4 1 4 1
i i f k,ds
o)

> - kods > — -

T H2+c¢ 2H?+4c¢) Jox TP 2(H?2 +¢)
Since the boundary of the surface is a circle of radius r, we have that ¢+ k? + k2 = 1/r? holds on
the boundary, so that by Cauchy-Schwarz inequality

1/2 1/2
% kods| < V2nr (}{ k;ds> =2rr (27r1"(l2 —c) — 7{ kids) .
2> 8 r 8%

From the flux formula, using again the fact that the boundary is a circle of radius r (see formulas
(6) and (7)), we obtain
‘ j{ knds
ax

kZds > 2mH?r.
o%

A(T)

. (12)

b))

= 2n|H|r,

and so by Cauchy-Schwarz inequality



Combining these inequalities gives

‘ % kyds
E))

<om/1-r2(H2+ o), (13)

which jointly with (12) gives

47 ™
AE) 2 Ac(r, H) = H2+c¢ H?2+c

1-r2(H?2+¢)
O

Lépez and Montiel [10], using a different approach which is based on an isoperimetric inequality
by Barbosa and do Carmo [2], obtained another lower bound for the area of constant mean curva-
ture discs with circular boundary in the Euclidean space. Below, and using the flux formula (7),
we will extend their method to the case of constant mean curvature discs with circular boundary
in the other space forms, obtaining another lower bound for the area of such surfaces. This will
allow us to compare both lower bounds, deciding which one is better depending on the range of
H. In fact, we will prove the following result.

Theorem 3 Let X : (3,0%)—(M3(c),S!(r)) be a smooth immersion of a disc with constant
mean curvature H, H? + ¢ > 0. If the image of X 1is not a spherical cap then the area of ¥ with
the induced metric satisfies

A(Z) > max{A.(r,H), A.(r, H)},

where

47 ™
A (r,H) = re” H2+c\/1 —r2(H? +¢),

and

P 2 2w
Ac(r,H) = H2+c+ H2+C\/1—7‘2(H2+C).

Proof. We know that H? + ¢ > K with equality precisely at the umbilical points. Integrating this
inequality over ¥ and using the Gauss-Bonnet theorem, we obtain
7{ kqds
%

1 1 2 1
A > KdY = —— | 27 — kods ) > —
()_H2+c/z H2+c<7r %9298>_H2+c H2+¢
2m 2
> — V1—r2(H? .
A(E)_H2+C T o 1—-r2(H? +¢) (14)

which jointly with (13) gives
Moreover (14) becomes an equality if and only if the immersion is totally umbilical and X (X) is
the small spherical cap.

?

On the other hand, the Barbosa and do Carmo isoperimetric inequality [2] implies that

4m%r? — 24(%) (27r - /E(K - n)+d2) +KkA(Z)?Z2 >0



for any arbitrary real number s, with equality if and only if K = k. Choosing kK = H? + ¢ > 0 we
get
(H? + 0)A(2)? — 47 A(D) + 4n*r? > 0,

that is, either

A(D) < Hfi - (1- vVI—r2 @z +0)) (15)
or
AB) > Hf—ic (1+VI—PEE ). (16)

Inequalities (14), (15) and (16) implies that either

A(g):%(l_m)

and X (X) is the small spherical cap, or

AS) > A(r H) = H2277-r|-c (1 + /1= r2(H2 + c)) ,

with equality if and only if X (X) is the big spherical cap. Therefore, when the image of X is not
a a spherical cap we conclude from our previous lower bound (10) that

A(®) > maX{AC(T, H),A(r, H)}

4 Constant mean curvature annuli

In this section we will use the same method as that in Theorem 2 in order to derive a lower area
bound for a constant mean curvature annulus in Euclidean space which is bounded by circles which
project to concentric circles in a plane.

Let ¥g,,r, = {# € C:0 < R; < |2| < Ry}. We denote by A, r, the set of over all immersions
of any T g, gk, into E3 such that the boundary circles are mapped onto round circles T'y, T’ of radii
r1,72 which lie in parallel planes and have there centers on a line perpendicular to the planes of
the circles. We may assume, without loss of generality, that the planes are those given by {z3 = 0}
and {x3 = h > 0}, and the boundaries round circles are

Ty =S'(r) ={z €E®: 23 = 0,27 + 23 =17},

and
[y =S'(ry) = {z € B® : 25 = h,a} + 235 =r3}.

In that case, choosing a = E3 = (0,0,1) we obtain from (2) the following flux formula

liz(a,n)ds = il(a,n)ds+£2(a,n)ds:H 62(t/\a,X)ds

H¢ (m,X)ds—H ¢ (n2,X)ds (17)
Fl F2

2nHr} — 2nHrj,



since 71 = t A a is the outward pointing unitary conormal along I'y in {z3 = 0}, but —ns =t Aa
is the inward pointing unitary conormal along I's in {z3 = h} (observe that ¥ induces on I'y the
opposite orientation to the one induced on I'y).

Let us denote by |T';| the circle I'; positively oriented. Then the flux formula (17) implies that
7{ {(a,n)ds — 2w Hr? = % {(a,n)ds — 2w Hr3.
[T T2

This allows us to define for every immersion X € A,, ,, with constant nonzero mean curvature H
the fluz parameter P by

27 P = (a,n)ds — 27rHr]2-. (18)
T

On the other hand, a direct computation gives now
{(a,n) =11k, on I}y,

and
(a,m) = —rok, on Ty.

Therefore, the flux parameter P can also be written as

27P =r; 7{ knds — 2w Hr?. (19)
T;

We are now ready to state our lower bound for the area of a CMC annulus with circular
boundaries.

Theorem 4 Let X € A,, ,, be an immersion with constant nonzero mean curvature H and with
flux parameter P. Assume that X is not an immersion of a Delaunay surface. Then the area of X
with the induced metric satisfies

) P 1/2
A(S) 2 B(ri,ra, H,P) = 7 — 25 3 (1 — (Hrj+ ;)2> . (20)
j=1,2 J

Remark It is easy to see from the definition of P that the quantity 1 — (r;H + P/r;)? is non
negative.
The proof of this theorem needs the following.

Lemma 5 Let X € A, ,,. Then the normal derivative of the function ¢ := (E3 A X,v) must
vanish at least twice on each boundary component.

Proof. The formula for the torsion of a space curve 7 is

(,YIII ,YI /\,.yll)
' A2

10



If we assume that « is a circle in a horizontal plane then one easily obtains
0=7=1,+0:0

where 7, is the geodesic curvature and § is defined by cos 6 = (Es3,v). It follows that

/ Tgds = 2w N
v

for some integer N. We can find a collar neighborhood of I'; which is regular homotopic to a
standard cylinder in such a way that I'; is setwise fixed throughout the homotopy. Clearly N is
invariant under regular homotopies of the surface which fix the boundary setwise and hence by
comparison with the cylinder, we get N = 0.

Recall (see equation (4) in [1]) that for the function v, we have that 0,9 = —7,, on each
boundary circle so that

/ Optpds =0
T
and 9,1 must vanish at least at two distinct points on each boundary component.

O

Proof of Theorem 4: If the immersion is not rotationally invariant then the function 1 does not
vanish identically. It is known that at each zero of 0, on the boundary, a branch of the nodal
set 1 = 0 must enter into X. It follows then that there are at least two simply connected nodal
domains for .

The proof proceeds as in the case of a topological disc. In place of (11), we have, since there
are now only two nodal domains

where we have used the Gauss Bonnet theorem

/ Kd¥ + kyds = 0.
b\ %

Using that k7, + k7 = 1/r5 holds on T;, we obtain by Cauchy-Schwarz inequality that

jézkgds <y f kyds| < Zm(y{ k2d3>1 Z\/m(——}éjkids)w.

=12 j=1,2 j=1,2
From (19) and using again Cauchy-Schwarz inequality we also know that

2 2
}{ Kds > - )[ knds =2_”(P+Hr,>
T, 2mr; \Jr; r; \Tj

Combining these inequalities gives

?{ kods| <
o%

which jointly with (21) yields (20).

11



5 Delaunay Graphs

Let r denote the radial coordinate in the plane. The equation of a Delaunay graph, i.e. a rota-
tionally symmetric graph with constant mean curvature H is
Ur
———=Hr+¢/r (23)
14+ u?
where ¢ is a constant of integration. We will assume that v is non-negative on some annulus
ry <r <1andthat u =0 onr = 1. It is easy to check that the flux parameter of the graph is
P = c¢. In general, the area of the surface given by (23) over r; < r < 1 is given by the elliptic
integral

! rdr

D(r1,1,H,P) :=2m .
(r ) r /1= (Hr + P/r)?

The case P = 0 corresponds to spheres (cylinders also have flux parameter zero). In this case
u(r) = /(1/H)? —r2 — /(1/H)? — 1 and the area of the spherical annulus is

2
D(ry,1,H,0) = H—Z(m —r2H2 —\/1- H?).

Note that for r; ~ 1, we have

2
B(ri,1,H,0) = —= — (/1= r2H2 + /1= H2) > D(r1, 1, H,0).

H? H?

This shows that the spherical annulus is the absolute minimizer of area among all CMC annuli
with the same parameters (r1,1, H,0).

Since both B and D depend continuously on P, there is an open set of small values of |P]
for which the Delaunay surfaces will minimize area when r; ~ 1. (e.g. for r; =~ 1, P # 0, then
B(r1,1,H,P) = oo as H — 0 while D(r1,1, H, P) remains bounded as H — 0).

Espirito-Santo and Ripoll [4] have recently obtained some existence and non-existence results
for compact CMC surfaces with boundary in two parallel planes, and which are given as graphs
over these planes.
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