Uniqueness Theorems for Willmore Surfaces
with Fized and Free Boundaries

BENNETT PALMER

ABSTRACT. We prove that a Willmore surface of disc type which
has its boundary on a circle and which intersects the plane of
the circle in a constant angle is a spherical cap or a flat disc. We
prove the existence of disc type Willmore surfaces with circular
boundary which intersect the plane of the circle in a noncon-
stant angle. We formulate and prove a uniqueness theorem for
Willmore surfaces in a half space with free boundary in a plane.

1. INTRODUCTION

Recently there has been some activity in trying to determine the compact con-
stant mean curvature surfaces in E2 having their boundary on a round circle.
Kapouleas [7] showed the existence of examples of genus greater than one so such
a surface is not necessarily a part of a round sphere. Even with the additional
hypothesis that the surface is embedded or that the surface has genus zero, it
is not known at the present time if the surface need be a spherical cap or disc.
Partial results can be found in [19], [10], [5], [1].

The problem mentioned above might be considered as part of the more
general question: Does a solution of a variational problem necessarily inherit the
symmetries of its boundary? We are assuming, of course, that the symmetries
of the boundary are also symmetries of the variational problem. Here we will
treat a version of this problem for Willmore surfaces. Here we will say that a
Willmore surface is a sufficiently smooth immersed surface X : ¥ — E3 which is
a critical point of the functional

W[X]:/ZhQ—KdA

with respect to compactly supported variations of the surface. Throughout this
paper h and K will denote the mean and Gauss curvatures.
1
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Although boundary value problems for Willmore surfaces have not been
widely studied, (notable exceptions are [13], [14]), they are of some physical
interest. For example, the (unlinearized) potential energy density of a plate
given in Courant-Hilbert ([4], page 250) is variationally equivalent, when the
plate is clamped, to the Willmore energy.

The Euler-Lagrange equation for W is

(1.1) Ah +2h(h* — K) = 0.

Note that since h depends on second derivatives of X, this is a fourth order
equation. Equation (1.1) was first found in its nonparametric form by Poisson
[16] in connection with elasticity theory and its invariant form is due to Schadow.

In order to state our result let S denote the unit circle in the plane {z3 = 0}.

Theorem 1.1. Let D denote the unit disc and let X : (D,0D) — (E3, S?)
be a C*(D) immersion of a Willmore surface. Assume that the surface intersects
the plane {x3 = 0} in a constant angle along 0D. Then the image X (D) is a
spherical cap or a flat disc.

The inclusion of the hypothesis of constant angle between the surface and
the plane along the boundary is justified by the order of Equation (1.1). Using
the inverse function theorem, we will show below that there exist infinitely many
Willmore surfaces of disc type with circular boundary and which intersect the
plane of the circle in a nonconstant angle. On the other hand, our hypotheses
are quite natural since they are invariant under conformal transformations of
E? as is the functional W. It should be noted that the main tool for obtaining
uniqueness results for CMC surfaces is the maximum principle which has no
known counterpart for Willmore surfaces.

We wish to point out a relevant example of Babich and Bobenko [2] of a
Willmore surface which is a surface of revolution having the topology of the
disc. However this example has a singularity at the origin. Pictures of the
surface may be found in [2], figures 2A and 2B.

If we consider the variational problem of extremizing the functional W with
respect to all variations which pointwise fix the boundary, then we arrive at the
natural boundary condition that the mean curvature equals the normal curvature
along the boundary. In Section 5 we obtain a uniqueness theorem for embed-
ded disc type Willmore surfaces with circular boundary under this boundary
condition. We wish to thank the referee for suggesting this problem.

The remaining parts of the paper is concerned with a free boundary problem
for Willmore surfaces. We formulate the necessary and sufficient conditions that
a smooth, compact surface be a critical point for the Willmore functional among
all surfaces contained in a domain Q C E3 whose boundaries are constrained to
lie on 9. These conditions were previously obtained in another form (and in
greater generality) by Nitsche [13]. We include our derivation for clarity and
completeness. Inspired by another paper of Nitsche [12] on the free boundary
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problem for the area functional, we show that in the case (©2,00) = (E2 , E?), the
only critical immersions of disc type for the aforementioned variational problem
are totally umbilic. The same result holds for (Q,9Q) = (B, S?) where B is the
unit ball.

We conclude with a remark on terminology. Usually the Willmore functional

is defined by
W[X] = / h? dA.
»

For surfaces without boundary the functionals W and W are variationally equiv-
alent. However, for surfaces with boundary the inclusion of the curvature term
may make a difference depending on the chosen boundary conditions. For
clamped boundary, i.e. fixing the boundary to first order, W and W are vari-
ationally equivalent. However, for the type of problems discussed in Sections 5
and 6, they are not. We have chosen to prefer to use W because of the conformal
invariance of the integrand.

2. PRELIMINARIES

Let X : (D,0D) — (E3,S!') be any C'(D) immersion. We orient D in the
usual way (counterclockwise) and let ¢ and n respectively denote the the tangent
and outward pointing conormal defined along the boundary. We let v the unit
normal field on D such that n x ¢t = v holds on 0D.

Let E5 denote the vertical unit vector in E3. If we define an angle v by
cos := (X, v) then it is easy to check that

(2.2) (X,v) =cosy = —(n, E3)
(2.3) (X,n) =siny = (v, Es)
hold.

An important tool for working with Willmore surfaces is the conformal Gauss
map. Let St denote the deSitter space St := {Y € E3|Y - Y = 1}. The space S}
can be identified with the set of oriented 2-spheres and oriented planes in E3. If
X : ¥ — E2 is a smooth immersion of an oriented surface, then the conformal
Gauss map Y : ¥ — S} assigns to each p € ¥ the oriented 2-sphere in oriented
contact with the surface at X (p) and having mean curvature equal to the mean
curvature of X at p. If v denotes the unit normal field on ¥ then Y can be
expressed in terms of coordinates on E as

X221 X2+1)
2 7 2

(2.4) Y = h(X, + (v, (X, ), (X, 1))

Away from umbilics in Y, Y defines a conformal spacelike immersion from
(2,ds%) into St. It was shown by G. Thomsen [18], that ¥ is a Willmore
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surface if and only if Y defines a zero mean curvature immersion on > minus the
umbilic set. In this case we have that Y satisfies

(2.5) AY +2(h?* = K)Y =0

on Y. As a consequence we have the following lemma.

Lemma 2.1. (Flur formula) Let X : ¥ — E3 be a Willmore immersion
and let Y = (Y1, ..., Ys) be its conformal Gauss map. Then for 1 < a < [ <5,
the forms defined by

Wap i= Yo ¥ dY5 — Yg % dY,

are closed.

Proof. Compute
dwag = (YaAY5 — YgAYa) x1 =0

by (2.5). O

3. CIRCULAR BOUNDARY

We begin by specializing the flux formula to a Willmore surface with circular
boundary. We will let k,, denote the normal curvature of the boundary curve.

Lemma 3.1. Let X be a compact, oriented surface with boundary homeo-
morphic to a circle and let X : (%,0%) — (E3,8') be a C*(X) Willmore immer-
sion. Define a (not necessarily constant) angle v by (2.2). Then the following
hold:

(3.6) / b — b ds =0

ox
(3.7) /6 _ cos(1)0uh+ sin()h(h— k) ds =0
(3.8) /az sin(y)0,h — cos(y)h(h — k) ds =0

Proof. We will use the following

(3.9) Onvs = (dv(n), E3) = (n, E3){n,dv(n)) = (n, E3)(k, — 2h)
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and
(3.10) On(X,v) = (X,dv(n)) = (X,n)(n,dv(n)) = (X,n)(k, — 2h)

Note that Y|sx = h(z1,22,0,0,1)+ (v1, ve, sin+y, cos v, cosy). Using this, we
compute on 0D

: X2 -1
wgg =sinyxd | h 5 — cosy * d(hzs + v3)

= [siny(h({X,n) + (X,dv(n)) — cosy(h(Es,n) + (E3,dv(n)))]ds
= [sin~y(hsiny —siny(2h — ky,)) + cosy(h(cosy) + cosy(k, — 2h))]ds
= [k, — h|ds.

Next note that y5 = y4 + h holds and so

Wyas = Ya *x dh — h x dyy
X2 -1

:cosy*dh—h*d<h +<X,V>>

= [cosy Oph — h(R(X,n) + 0, (X, v))|ds

= [cosy Oph — h(h(X,n) + (X,n)(k, — 2h))]ds
= [cosy O,h — hsiny(h + (k, — 2h))|ds

= [cosy Oph + hsiny(h — ky,)]ds

Again using ys = y4 + h we have

wss = siny x dh — h * dys + w34
=sinyxdh — hx (hxs + v3) + w34
= [siny Oph — h(h{n, E3) + Onv3)|ds + w3y
= [siny Oph + hcosy(h + (kn, — 2h))]ds + w3y
= [siny Oph — hcosy(h — ky)]ds + wsq.

The result then follows by applying Lemma 6.2 on page 13. U

Proof of (1.1). If the surface intersects the plane {x3 = 0} in a constant
angle, then v = const. and we easily obtain

(3.11) Oph ds =0
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and

(3.12) LEMh—ths:O

from (3.7) and (3.8).

Using a classical theorem of Joachimsthal we have that since the angle be-
tween the surface and the plane is constant along the boundary, the boundary
is a line of curvature. Letting “prime” denote differentiation with respect to arc
length on 0D we have

const. = (X,v) = —(X" v) = (X',V) = —k,

and so k,, is constant on 0D.
Let A1 := k,, and )5 := 2h—k,, denote the principal curvatures on 0D. Then
(3.6) and (3.12) yield

(3.13) / )\1 — )\2 ds =0
oD

and

(3.14) /‘ﬁ—g@:o
oD

By Holder’s inequality, we have for j = 1,2

1/2
/ Ajds| < / Aj| ds < </ )\5 ds) (2m)1/2
oD oD 8D

However, since A\; = const. we have equality in (3.15) for j = 1 and hence also for
Jj =2 by (3.13) and (3.14). We can then conclude from the necessary condition
for equality in Holder’s inequality, that Ao = const. also. In particular h = const.
holds on the boundary and by (3.13), every boundary point is an umbilic.

Let 11y denote the second fundamental form of the map Y. As shown by
Bryant [3], the form

(3.15)

4,0
(3.16) Q = 11"

defines a holomorphic quartic differential on any Willmore surface. A calcula-
tion similar to that in [15] shows that @ is given locally in terms of a complex
coordinate on D by Q =: q dz* where

(¢2/4)(R* + Alog p), if ¢ £ 0;

—p,h,, if o =0.

q:
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We will need only the second part of this formula and it will be shown in the
appendix. Here @dz? is the Hopf differential which is the (2,0) part of the second
fundamental form of X. We recall that the Codazzi equations on D take the
form

(3.17) ws; = e'h,

where e*|dz|? is the local expression of the metric. Since the zeros of ¢ correspond
to umbilics, we have ¢ = 0 on dD. Letting z = re*? denote the usual coordinate
on D, we have on 0D

(3.18) 0=0yp =i(zp: — Zpz)
and
(3.19) 0= dgh = i(zh, — Zhs).

Therefore on D we have, using (3.17), (3.18), and (3.19)
—q = @.h, = Zzp,h, = (2)%@zh, = (2)%e"h,h, = (2)%e"zh,h, = (2)*e"hhs.

It then follows that the function z%¢ is holomorphic on the disc and is real valued
on the boundary. By the maximum principle it follows that z*q = a for some
real constant a. Since ¢ = a/z* is holomorphic in D it then follows that a = 0
and so ¢ = 0 holds in D. It then follows from results of [3] that either X (D)
is, after a conformal transformation, a minimal immersion or X (D) is part of
a sphere. Since the set of umbilics is a conformal invariant, we would in the
first case obtain a minimal surface in E3® having a boundary component made
up entirely of umbilics. It follows then that the surface is a flat disc since its
Hopf differential vanishes identically. The only remaining possibility is that the
surface is a spherical cap. ]

3.1. Remark. We wish to point out that the example of Babich and Bobenko
mentioned in the introduction has the property that it cuts a horizontal plane
in a constant angle along a circle of umbilics of the surface.

One might attempt to prove Theorem (1.1) as follows. Glue a spherical cap
C to ¥ along S' = 0% so that the resulting closed surface M is C*. If one could
succeed in showing that M is of class C#, then it would follow from Theorem
6.6.1 of [11] that M is real analytic and hence that M is a sphere since it coincides
with a sphere along C'. However this approach cannot work. Applying this idea
to the Babich-Bobenko example yields a surface which is not only C! but is in
fact C? along the circle. The argument above would then yield a contradiction
if it were possible to prove that it is C*.



8 BENNETT PALMER

4. EXAMPLES WITH NONCONSTANT ANGLE

For p > 1 let u,(x,y) := (p? — 2% — y?)1/2 — (p? — 1)¥/2 so that the graph of u,
over D is a spherical cap C), of radius p bounded by S 1. We will show that Cp
can be perturbed to produce infinitely many Willmore surfaces bounded by S*
which meets the plane of the circle in a nonconstant angle.

The mean curvature h of the graph of a sufficiently smooth function u is
given by

D
(4.20) 9h = Div [ ——o
J1+ |Dup

where the divergence and gradient are computed using the metric in the plane.
For a graph, Equation (1.1) can be expressed

0= Flu] 6(1+@ hy | — 8 Uty p,
- u| + = o —F/——"y — Oy .
V/1+ [Du? V1+ [DuP "’
Uy U 1 4 u?
-0, | ——,—h, | +0,| —==h, | +---
y(«/1+|DuP ) y(«/1+LDuP y)

where h is given by (4.20) and ... denotes lower order terms in w. The lin-
earization of F' is the operator

DF,[w] := 0-(F[u + ew)]):=o-

Note that DF,,[.] can be considered as the Hessian at u of the Willmore

functional restricted to graphs so it is self-adjoint on the Sobolev space W02 ’Q(D)
with respect to the Euclidean L? product. Acting on this space, DF,[.] has a
discrete spectrum p; < po < ug < ...

Lemma 4.1. The first eigenvalue py of the problem
(4.21) DF,, [w] = pw in D; w= 0= 0,w on 0D

18 strictly positive.

Proof. The integrand for the Willmore functional is non-negative and van-
ishes identically for a spherical cap so it is clear that C, minimizes the Willmore
functional among all graphs over D having boundary S* and meeting the plane
in the same constant angle as C,. From the interpretation of DF, [ .] given
above, the first eigenvalue of the problem (4.21) must be non-negative.

Suppose j11 = 0 holds. Let S be a 2-sphere of radius p containing C,,. Then
S minimizes the Willmore functional and is hence globally stable. Let J denote
the Jacobi operator for W on S. J acts on smooth function on S thought of
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as the normal components of variation fields for smooth deformations of S. If
#1 = 0 holds, then the corresponding eigenfunction w; satisfies

Jwivs] =0, inCp; wivz =0=0,(wivs) ondC,

since (w1 Fs3,v) = wyvs. However, the first eigenvalue of J is monotonically
decreasing with respect to the domain, [17], so if U is a relatively compact
subdomain of S containing C,, than the first eigenvalue of J in U is negative,
contradicting the stability of S. 0

Theorem 4.2. Let g : 0D — R be a function of Hélder class C3T%, a > 0.
Then if g is sufficiently close to to the constant function —(p? —1)71/2 in C3t<,
there exists a C* Willmore surface of disc type with circular boundary which
makes an angle arccos(1 + g2) /2 with the plane along dD.

Proof. Define the Banach spaces By = C*t%(D), By = C*(D)xC***(0D)x
C3t2(dD) and define

F: By — Bs, u— (Flu],ulap, Onu).
Then Flu,] = (0,0, —(p? — 1)71/2) and the derivative of F is
DF|y,[w] = (DF,, [w],w|sp, Onw).

It follows from Lemma (4.1) and Theorem 2.40 of [6], that, since the homogeneous
equation DF|,, = 0 has only the trivial solution, the linear boundary value
problem, DF|, [w] = (f, g1,92) is uniquely solvable in B; for all(f, g1, 92) € Ba.
It then follows from the inverse function theorem that F is a C! diffeomorphism
of a neighborhood of u, in B; onto a neighborhood of (0,0, —(p? — 1)~1/2) in
Bs>. From this the result easily follows. O

5. NATURAL BOUNDARY CONDITIONS

Proposition 5.1. Let X : ¥ — E3 be a C*(X) immersion of an orientable
compact surface with boundary. Then the first variation of the Willmore func-
tional 6 x W (X) vanishes for all variations satisfying X|as, = 0 if and only if
there holds,

(5.22) Ah+2h(h?* — K)=0, in X,
(5.23) h =k,, on 0X.

Proof. We write an arbitrary smooth variation of X as X = ¢ + Yv.where
¢ is tangent to X. In Section 6 we will show that the first first variation is given

by

(5.24) 0 W[X] = / Y(Ah + 2h(h? — K))dA + ]{ (h? — K){(&,n) — 90, hds
> ox

— j{ ((dv + h1)V,n) ds,
o
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from which the result easily follows. O

Theorem 5.2. Let X : (D,0D) — (E%,S') be a C*(D) embedding of a
compact surface of disc type into the upper half space, which is a solution of
(5.22) and (5.23). Then X (D) is a spherical cap or a flat disc.

Proof. By considering D with the conformal structure induced by X, we
may assume that X is a conformal immersion. Let (r, ) be polar coordinates in
D — {0} so that (L,¥) are isothermal coordinates on D — {0}, where L = logr.
Note that w := logz = L + 7). We express the induced metric and second
fundamental form, respectively by

ds® =: ¥ (dL? + d¥*),  II = e**(o11dL? + o12(dLd¥ 4 dOdL) + oo2d9?).

Because of (5.23), we have 017 = h = 022 on dD. The Frenet equations are,

(525) Xﬁﬁ = ngﬂ - wLXL + 0'2262wy
Xyr = wr Xy +wy X + 0126
X = —wp Xy +wr X + 0'1162wl/

The holomorphic quartic differential @ introduced in the Section 3 is given
locally by

(5.26) Q = qdz* = jdw* = Yy - Yowdw?.
Therefore

. —1
(5.27) 3q = T(YLL —Yoo) - Yo

Recall that for a Willmore surface, Y is a harmonic, conformal map, so that
Yrr + Yy9 =0, (mod Y) holds. It follows that

(5.28) 3G = Yoo - Yig,

since Y9 = =Y - Yy = 0. We will use (5.28) to show that @ = 0 holds on D.
Using that the boundary of the surface is the unit circle together with the
given boundary conditions, it is easily found that,

<E3,’I’L> = _<X’ V>7

(5.29) h =k,
kg <E3’V> = <X7n>7

hold where k, denotes the geodesic curvature of the boundary. Again, since the
boundary is the unit circle, we have

(531) k;l = 0'12kga klg = —012kn,
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where “prime” denotes differentiation with respect to arc length. The local
expression for the geodesic curvature is k;, = wre™, so that we obtain,

(532) hﬁ = 012Wpr, (wLe_“’)qg == —O'lghew,
Combining the last two equations yields,
(533) hyg — 019(0'12)WL — (Ulg)wqugu + h(0'12)262w =0.

Because of the boundary values, we have from (2.4),

Y|6D = h(xla x2,0,0, 1) + (Vla V2, V3, _ha _h)7

using (5.29). In particular (Y, e5) = 0 holds on the boundary, where {e;},=1,... 5,
denotes the standard basis for the five dimensional Minkowski space ES. Using
that h = k,, along the boundary we get that the derivatives of Y are given by,

(534) YL = hLX — Glzig, Yq9 == hﬁ& - Ul2£La

on the boundary. From the first equation, we see that (YL,e4> =0ondD. It
therefore follows that if, ¥ := (Y1,Y5,Y3), then Yyy - Y9 = <Y,919, YL19> along the
boundary.

Using the Frenet equations, (5.34) and (5.32), we compute,

(5.35) }}19,3 = hﬁﬁX + [—&9(012) - 0'12(4)19]XL - (0'12)262w1/.
(536) }A/Lg = thX + UlngXL — 0’12h€2wy, (mod Xﬁ)

Noting that along the boundary we have (X, X) = e“(n, X) = kge¥ = wp,
after a lengthy calculation using (5.29) we get

<Y1919, YL19> = hrylhys — wrweoi1a + hoipe®] + o1owre®” [~y (012 — T1owy]

+ 012he4‘*’ + hmgalzw% + hygo2€®“h2.

We rewrite the last term, using that
L=k +kj = h?+ (wre™™)?,
on the boundary to obtain,
(Yoo, Y19) = (hry + 01262 [hgy — wi(012)9 — wrweors + hoee®] = 0,

by (5.33).
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We thus have by (5.26), that $(z%g) = 0 on 0D, and so z*q = r, in D for
some real constant r. By the holomorphicity of g, this can only happen if r =0
and hence ¢ = 0 in D. By a theorem of Bryant, this implies that either the
surface is already contained in a 2-sphere, or after a conformal transformation
F', the surface is minimal. We need only consider the second possibility.

Let oo denote the point at infinity in E3. If F~!(co) does not lie on X (D),
then the surface is transformed into a compact minimal surface with circular,
and hence planar boundary. It then follows from the maximum principle that
the transformed surface is a flat disc and so the original surface was a disc or
part of a sphere. If F~1(c0) = X (p), with p in the interior, then the boundary of
F o X is still a circle which we may assume, by rescaling, is the unit circle. Note
that Equation (5.23) is conformally invariant since it is the boundary condition
for a conformally invariant variational problem. Therefore, we have a minimal
surface which has a circular boundary component along which k,, = 0 holds.
Then by (5.27), we can see that the angle between the surface and the plane of
the circle is constant and so the circle is a circle of umbilic points of the surface.
Since the umbilics on a nonflat minimal surface are isolated, the surface must be
flat. The only remaining possibility is that F~!(c0) lies on X (D). In this case
F o X(0D) is a line. A well known reflection principle for minimal surfaces can
be applied to obtain a genus zero minimal surface with exactly one end. Since
F o X was assumed to be embedded in a half space, this genus zero minimal
surface is embedded and has finite total curvature. By applying a theorem of
Lopez and Ros, [9] one sees that the image of F'o X is a flat half plane. We may
therefore conclude that the original surface was a spherical cap or a flat disc. [

5.1. Remark. We have used the hypothesis that the surface is embedded
in a half space in a very weak way and we believe that it can be removed.

6. FIRST VARIATION OF THE FREE BOUNDARY PROBLEM

Let © be a domain in E2 with smooth nonempty boundary. We let ¥ be a com-
pact orientable surface with nonempty boundary and denote by Z the space of
all smooth (C°°) immersions (X,0%) — (2,09). Let X € Z and let ¢ — X,
be a smooth curve in Z defined on an interval containing 0 with Xy = X.
If X := 0.(X.).—0 denotes the variation field, then we have (X,N) = 0 on
0%, where N denotes the unit outward pointing normal to 9€2. We will write
X = & 4+ Yv where £ is a smooth vector field on X, v is a smooth function and v
denotes is a unit normal to ¥. Let ¢ and n denote the unit tangent and the unit
outward normal to 0¥ so that along the boundary e; = n,es = t,e3 = v defines
a positively oriented frame. Let o;; := —(dv(e;), e;).
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Proposition 6.1. 6 ;W |[X| = 0 for every variation of X in L if and only

if

(6.37) Ah+2h(h?> — K) =0, on X

(6.38) 011 = h = 092, on 0%

(6.39) (h? — K)(v, N) + (Oph + 0y012){n, N) = 0, on 0.

Two obvious examples are:

(i) 09 is a plane and ¥ is a hemisphere meeting the plane in a right angle,
(ii) 0N is a plane or sphere and X is a spherical cap or disc meeting 952 in a
right angle.

Lemma 6.2.
(6.40) Son / KdA — ]4 (dv + 2h1) Vb, ) ds.
> ox

Proof. We will show that the pointwise variation of K is given by
(6.41) Sy K = (dv + 2h1, V) + 2R K.

We assume this for the moment. Then
5¢1,/ KdA = / (0 K) — 2R KdA = / (dv + 2h1, V2w>dA.
by by »

However using the Codazzi equations, one can show that

div((dv + 2p1)VY) = Y ei{(dv + 2h1) V), e;) = (dv + 2h1, V>4))

i=1,2

holds and so (6.40) follows by Stoke’s theorem.

We now prove (6.41). Fix p € 3 and let ¢;, ¢ = 1,2 be an orthonormal
frame near p (with respect to the metric induced by X) which diagonalizes the
second fundamental form at p, i.e. dv = —k;e;, i = 1,2, where k; are the principle
curvatures. For the variation X, = X +eyv+0(e?) let g;; = gi;(€), Li; = Lij(e)
be the components of the first and second fundamental forms of X, with respect
to this frame. Let g = det(g;;), L = det(L;;) so that K = K(¢) = L/g holds.
Since ¢(0) =1 and ¢(0) = —4hy), we obtain

(6.42) Sy K = L+ 4hKv)
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Using that the corresponding variation of the normal is given by o = —V1) one
can easily obtain that

Lij = (Ve, Vb, e5) — (dv(e;), dv(ej))

from which one obtains L = (dv + 2h1, V%) — 2hK1. Finally, (6.41) follows
from (6.42). ]

Proof of Proposition 6.1. We begin by writing X = ¢+yv with € tangent
to 2. We have

A€ [(h% — K)dA] = 74 (h? — K)¢)dA.

0%

5€W[X]:/E££[(h2—K)dA]:/

b))

(Here £ denotes the Lie derivative and | denotes the interior product of a vector
field with a differential form). We obtain,

(6.43) 5eW[X] = 7@ (2 = K)o ds
We will need the well known formulas,
SyrdA = —2hpdA,  Sy,h = 1/2(A + (4h* — 2K)1)).

We compute

2 — o 2 o
S /E (h2 — K)dA /E (28 b — 2h7)dA 7{ (dv + 201) Vb, ) ds

()
_ / h(AY + 20(h? — K))dA — 7{ ((dv + 2h1)Vh, ) ds
b ox
_ / G(AR+2h(h? — K))dA + ]f (hOnt) — %O, h)ds
> ox
—7{ (dv + 2h1) V), ) ds
o

_ / W(Ah 4 2h(h2 — K))dA — ¢ d,hds — 74 (dv + h1)V, n) ds.
3 ox )
Combining the last line with (6.43) and simplifying gives,
§xW[X] = / Y(Ah + 2h(h? — K))dA + 7{ (h? — K){&,n) — 0, h ds
3 ox

—7{ (dv + K1)V, n) ds.
o
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First, by considering an arbitrary variation with ¢ € C°(X) and £ = 0, we
obtain (6.37). To obtain (6.38), we solve the biharmonic Dirichlet problem

A%p=0,in ¥

'QZJ:O, 8n'¢:h—0'11, on 82

Let X = ¢v and note that (X, N) = 0 holds on 8. Since Vi = (h — o11)n on
0Y, we obtain

5 WIX] = —f (h— o) {(dv + h1)n, n) ds — —j{ (h— on1)2ds.
o% o%
so that o117 = h holds on 9%. The other equality in (6.38) follows from h :=
(1/2)(o11 + 022).
Assuming that (6.37) and (6.38) hold, we write (Vv)|ss = ¥t + ¢, n and so

5 WX :}[ (h?-K)<g,n>—¢anhds—f (dv + 1), ()t n) ds

ox ox
:7{ (h2 — K)(€,n) — v h ds+j£ 1204 (1) ds.
ox ox
Integrating by parts then gives
(6.44) 5 WIX] = 7{ (h2 — K)(€,n) — $(Dnh + Dyors) ds.
ox

We claim that ¢y W[X] = 0 holds for all variations satisfying
0= <X7N> = (§;n) +¢(v,N)

if and only if (6.39) holds.

Let j denote 90° rotation in the plane span{n,v}, i.e. jn = v, jv = —n. Let
V = (Oph + Oto12)n + (h? — K)v. Then (6.39) can be written as (V, N) = 0.
Note that the integrand appearing in (6.44) is —(X,jV). If (X, N) = 0 holds at
each boundary point then the projection of X to span{n, v} is proportional to
4N and hence —(X,jV) ~ (jN,jV) = 0 and so the integral in (6.44) vanishes.

Conversely, suppose that (6.39) does not hold. We may assume then that
(V,N) > 0 holds on some arc o C 9%. Let ¢ be a smooth, nonnegative function

on 0% with support in «a. Let X be a smooth extension of (jJN to X. Then
(X,N) =0 holds and 6 ;W # 0 by (6.44). O

It is also reasonable to consider a type of partitioning problem for Willmore
surfaces in the spirit of [12]. We let 2 be a compact domain in E? with smooth
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boundary 0€2 which is almost everywhere immersed. We consider critical points
of the Willmore functional W among all sufficiently smooth surfaces > C 2 with
0YX C 00 and which divide 2 into two domains of fixed volumes V; and V5.
Using Lagrange multipliers, one sees that we are seeking critical points of the
functional

Wy=W =V

where V' denotes the algebraic volume between one side of ¥ and 02 and A is a
Lagrange multiplier. .
The set of allowable variations will then be given by those X = & + ¢v with

(X,N) =0 on 9% and satisfying
/ YdA = 0.
b

The Euler-Lagrange equations for this problem are given by

(6.45) Ah+2h(h? —K)=Aon ¥
(6.46) 011 = h = 099 on 0%
(6.47) (h? — K)(v, N) + (Oph + 8;012){n, N) =0 on 9%.

7. A UNIQUENESS THEOREM FOR THE FREE BOUNDARY PROBLEM

In this section we will prove a uniqueness theorem for disc type Willmore surfaces
in a half space which are critical for the problem posed in the previous section.
The analogous result for the area functional was obtained by Nitsche in [13]. D
will denote the unit disc. E? C E? will denote the plane given by 3 = 0. We
begin with a result about the more general system (6.45)—(6.47).

Proposition 7.1. Let X : (X,0%) — (E2,E?) be a C*(X) embedding of a
compact surface which is a solution of (6.45)—(6.47). Then A < 0 holds.

7.1. Remark. We wish to emphasize that in this result we are assuming
that the surface is embedded up to the boundary, while in the following result
we are assuming that the surface is immersed up to the boundary. It would be
interesting to know if this amount of regularity could be shown to hold a priori.

Proof. In this case the condition (6.47) becomes
(h? — K) (v, B3) + (9uh + 84012)(n, E3) = 0, on 0.

Since the coordinate function z3 on ¥ assumes its minimum x3 = 0 on 0%, we
have 0 > 8,,x3 = (n, E3) on d%. Since h? — K > 0 holds, it follows that (v, E3)
and (O,h + O¢o12) must have the same sign, i.e. that

(Onh + Oro12) (v, E3) > 0
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holds on 0%. Partial integration then gives

(748) 0 < % (8nh + 8t012)<u, E3> ds = 8nh<l/, E3> - 0128t<1/, E3> ds
[5)> oD

_ }é (@), E5) + 0% (n, Bs) s

We next compute the first variation of the Willmore functional for X = F;.
Although this variation does not satisfy the boundary or volume constraints, the
first variation must vanish since the variation is one through isometries of E3.
We write E3 =: (v, E3)v+ ET where the second term is the tangential component
of F5. Then using the results of the previous section, we obtain

(7.49) 0=0p,W = —/\/ v3dA+ ¢ (h? — K)(ET ,n) — (v, E3)d,h ds

» 0%
_ 7{ ((dv + h1)V (v, Es),n) ds
o

= —/\/ ygdAJr]{ (h? — K){ET n) — (v, E3)0,h ds
> ox

— ?4 (V(v,E3),(dv + hl)n) ds
ox

= —)\/ ygdA+7{ (h? — K){ET n) — (v, E3)0,h ds
> 0X

+ % O'126t<1/, E3> dS
ox

_ —A/ ygdA+7{ (h2 — K)(ET, ) — (v, E3)00h ds
> o

- % 0'%2<7’L,E3> ds
%

= —)\/ ngA—% <V, E3>6nh dS,
) ox

using the identity h? — K = h? — (011022 — 0%5) = 03, on 9% by (6.38). Let G
denote the area in the plane x3 = 0 enclosed by 0%. Applying the divergence
theorem to the constant vector E3 gives

(7.50) / vydA = G.
b
We therefore obtain from (7.48), (7.49) and (7.50)

(7.51) -G + j{ 02y(n, E3) ds = 0.
oD
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Since Opz3 = (n, E3) < 0 holds on 0D, this implies that A < 0 holds. H

Theorem 7.2. Let X : (D,0D) — (E3,E?) be a C*(D) immersion which
is a solution of (6.37)-(6.39). Then X (D) is either a spherical cap or flat disc
meeting the plane in a constant angle.

Proof. Since A\ = 0 for a Willmore surface, we obtain from (7.51), that
02,(n, E3) = 0 holds on dD. If (E3,n) = 0 holds on any open arc of the
boundary, then o715 also vanishes on the arc by Joachimsthal’s theorem and so
by continuity o2 = 0 holds on dD. By (6.38) this means that the boundary is
composed entirely of umbilic points. Note that up to now we have not used the
fact that the surface is a topological disc. We are now in a situation which is
very close to that in Theorem (1.1) except that we do not have the assumption
that the boundary is circular. We will continue by using the coordinates and
notation introduced in Section 5. Again we will use (5.28) to show that the
quartic differential ) vanishes identically.

Since 0 = h? — K = 02, on 0D, (6.39) gives h,,(E3,n) =0 on dD. On any
open arc in 0D where (E3,n) = 0 holds, we have that v = F3 on that arc and
so 0 = h = 099 = — (O, t) = —(0;Fs,t) on the arc, using (6.38). It then easily
follows that h:h,, = 0 on 0D. We again appeal to the appendix where it is shown
that h¢h, vanishes if and only if &¢ vanishes. However by the transformation
rule for a holomorphic quartic differential, § = 2%q so we obtain that J(z%q) =0
on 0D and hence by the maximum principle z*g = a on D for some real constant
a. Since ¢ is holomorphic on all of D it then follows that ¢ = 0 must hold on
D. We can then finish the proof in the same way as in Theorem (1.1) by using
Bryant’s theorem to conclude that the immersion must be either totally umbilic
or minimal. The non-flat minimal case is excluded since the boundary contains
an arc of umbilics. O

7.2. Remark. If no restriction on the genus of the surface is made then
it is clear from the proof that one can still obtain that the boundary consists
entirely of umbilics. Since the geodesic torsion along a curve of umbilics van-
ishes identically, it then follows that the surface must cut the plane in a constant
angle. The reference [2] produces examples of compact Willmore surfaces in a
half space which are not totally umbilic and which meet the plane in an angle
of 90°. Tt is easy to see using Joachimsthal’s theorem that these surfaces solve
(6.37)—(6.39).

7.3. Remark. Using K.Brakke’s Surface Evolver program, we have gener-

ated a picture (Figure 1) of a possible genus one solution of the free boundary
problem(6.37)—(6.39).
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Corollary 7.3. Let B denote the unit ball in B and let Let X : (D,dD) —
(B, S?) be a C*(D) immersion which is a solution of (6.37)—(6.59) with N = X.
Then X (D) is either a spherical cap or flat disc meeting S? in a constant angle.

Proof. The result follows from the theorem by using a suitable conformal
map of B into the half space E:j_ O

8. APPENDIX
We prove the local expression for g used above. We have
X2 -1 X?+1
2 72
=:hX + (v, s, ).

Y = (X, ) (1, (X, ), (X, )

Recall that - denotes the metric in E and note that X - X = 0 holds. We
compute

Yz - hzi"’ hiz + (VZa Sz, Sz)
=h, X+ h(XZa <XzaX>a <XZ)X>) + (Vza <X, Vz)a <Xa Vz>)

Using the Weingarten equation
v, =—hX, —pe "X;
we obtain
Y, = h X — pe " (X5, (X5, X), (X5, X))
At an umbilic we have ¢ = 0 and so

Yzz - hzz&‘*‘ hz(XZa <XzaX>’ <XZ,X>) - (Pzei'u(XZa <X2aX>a <XZaX>)
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and hence at an umbilic we have

In terms of the coordinate w = log z, we express the induced metric ds? =:
e??|dw|? and the second fundamental form as IT = R{@dw? + he**dwdw}. By
the calculation above,

q§ = —Puwhy.

We can compute the first and second derivatives of Y along the boundary us-
ing 6.38 on page 13 and the fact that ¢ = 0 on the boundary to obtain,

Y =htX, Yy =hrsX+hrXy

Yy = hoX, Yyg9 = hyyX + hyXy.

Therefore
YLg . Yﬁﬁ = thﬁezw = hnht64w.
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