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Abstract

We show that for elliptic parametric functionals whose Wulff shape is smooth and has
strictly positive curvature, any surface with constant anisotropic mean curvature which is a
topological sphere is a rescaling of the Wulff shape.

1 Introduction

Let v : S = R, be a “reasonable” positive function on the two-dimensional unit sphere S2. For
a smooth, oriented immersed surface X : ¥ — R? with unit normal v, we define a functional by

FIX] = / 2(v) d, (1)

where d¥ is the area element of X. We will impose a convexity condition on the functional by
requiring that the map
X:58% 5 R3, vi— Dy+v, (2)

defines a smooth (C'°), convex surface W := ¥(S?). This surface is called the Wulff shape. Wulff’s
Theorem states that for all closed surfaces S enclosing the same volume as W, F[W] < F[S] holds,
so that W solves the isoperimetric problem for this functional. For example, if | - | is a smooth
norm on R? with dual norm |- |, then the functional obtained from using the density v(v) := |v|,
satisfies the convexity condition and has the Wulff shape W := {z | |2|, = 1}.

Now let X; = X + t0X + O(t?) be a smooth, compactly supported variation of X. The
anisotropic mean curvature A is defined by the first variation formula

SFIX] i= 0 F[Xlimo = — /Z ASX - dS. 3)

Since
ovol[X] = / 60X -dX,
b))

the equation A = constant characterizes critical points of F with the enclosed volume constrained
to be a constant.

A consequence of the convexity condition is that the equation for constant anisotropic mean
curvature (CAMC) surfaces is absolutely elliptic in the sense of Hopf [8]. In particular, the equation
for prescribed anisotropic mean curvature possesses a Maximum Principle analogous to the well



known one for CMC (constant mean curvature) surfaces. Since the Maximum Principle is one
of the most important analytic tools for dealing with CMC surfaces, it is not surprising to see
that many results for CMC surfaces have natural extensions to CAMC surfaces. The isoperimetric
property of the Wulff shape is one such example. Generalizing the Barbosa-do Carmo theorem,
it was shown in [11] that the only closed, stable CAMC surface is, up to homothety, the Wulff
shape. Also, generalizing the Alexandrov Theorem, it was recently shown in [7] that the only
closed, embedded CAMC surfaces are rescalings of the Wulff shape. The reader is referred to [9]
for background information about CAMC surfaces.
In this paper, we will show the following:

Theorem 1.1 Assume the convexity condition holds for the functional F and let X : ¥ — R3
be a smooth immersion of a closed genus zero surface with constant anisotropic mean curvature.
Then, up to rescaling, X (X) is the Wulff shape W.

Of course, when v = 1, this gives Hopf’s famous result that the only CMC topological spheres
are round. Recently, two interesting partial results for the anisotropic case have appeared. One,
due to Giga and Zhai, [5], roughly states that the result holds for functionals which are sufficiently
close in the C? topology, to the area functional. The other, due to He and Li, [6], proves the
result under the assumption that a second invariant besides the anisotropic mean curvature is also
constant. This second invariant is Traces(dx o dv o J), where J is the almost complex structure of
the surface. The constancy of this invariant together with the constancy of A is equivalent to the
holomorphicity of a type of Hopf differential.

By standard elliptic regularity results, [3], (Part J of the Appendix), if we assume v € C>(S?)
and X is of class C?*®, a > 0, we can conclude that X € C*. The problem of determining the
optimal regularity conditions on ¥ and W under which the conclusions of Theorem 1.1 holds is an
interesting one which will not be addressed here.

2 Anisotropic Umbilic Points

Let X : ¥ — R? be an immersed oriented surface with Gauss map v : ¥ — S2. At a point p € 3,
we can consider the sphere S, which is in oriented contact with the surface at p and which has
the same mean curvature as the surface has at p. The sphere S, is called the central sphere of the
immersion at p. If S, and the surface have contact of order at least two at p, then p is an umbilic
point of X.

We now consider a fixed Wulff shape W. Recall that since W is convex, the unit normals to
W are in one to one correspondence with the points in S2. At each point in p € ¥ we can consider
the surface w, which is the unique rescaling of W that is in oriented contact with the surface at p
and has the same anisotropic mean curvature as the surface has at p. We will call p an anisotropic
umbilic, (A-umbilic), if w, and X have at least second order contact at p.

Set x = xowv. x: X — W is called the anisotropic Gauss map of X. A local expression for the
anisotropic mean curvature A is,

A := —Tracey, dx. (4)

The condition that a point p is an A-umbilic is that

(dx + (A/Q)dX)p =0. (5)



Theorem 2.1 Let X : ¥ — R3 be a smooth immersion of a surface with constant non zero
anisotropic mean curvature. Then, either the surface is made up entirely of A-umbilics or these
points are isolated.

Proof. Let p € ¥ be an A-umbilic. We can assume, by making a translation in R? if necessary,
that

(x+ (4/2)x), = 0. (©)

By (5), we have that at any A-umbilic point, the Gaussian curvatures of ¥ and W satisfy, Ky, =
(A%2/4)Kyw > 0, so it follows that near p, the anisotropic Gauss map Y is a local diffeomorphism.
On the other hand, the Gauss map of W is a global diffeomorphism and so near p € ¥ and near
x(p) € W, both surfaces can be parameterized over S? by the inverses of their Gauss maps. For
W, the map X given in (2) is exactly this parameterization. If ¢ denotes the support function of
X, then X = Dgq + qv locally parameterizes the surface. This parameterization is known as the
tangential representation of the surface. Details about it can be found in [4].
From (4), the equation that the anisotropic mean curvature is constant is expressed on S? as

Tracege (D?y + yI)(D?*q + qI)~! = —A = constant . (7)

Since Ky > 0 holds near p, the matrix (D?q + ¢I)~! is positive definite near p and (7) can be
considered as a linear elliptic equation E[y] = —A. Clearly E[(A/2)q] = A and so w := v+ (A/2)q
satisfies F[w] = 0.

Note also that, from (6), we have

(Dw +wv),p =0.
In particular, since Dw and v are perpendicular,
w(v(p)) =0, Dw, ) =0. (8)

As in [10], we next introduce local coordinates near v(p) in S? using central projection. For v
near v(p), let y = w(v) be the intersection of the line through the origin of R* and v with T, (p) S2.
For an orthogonal coordinate (y1,y2) in Tl,(p)SQ, let p = \/y? + y3. For a function f on S?, define
fi= 1+ p?)Y/2f or~L. Then, there holds, (equation (4.1) of [10]),

L+ )2, ) = (D*f + £1). (9)
In these coordinates, the equation F[w] = 0 has an expression
AWy, yy — 2bwy1y2 Wy, y, = 0, (10)

for suitable functions a,b and c.
As in [8], there is a linear change of coordinates & = ¢;1y1 + ¢i2y2, with (¢;;) a constant matrix,
such that the previous partial differential equation takes the form

1 We e, — 2b1w51§2 + ClWe,e, = 0 (11)

with
a1(0) =1=¢1(0), b1(0)=0. (12)



We now apply a theorem of Bers [2] and the unique continuation property of Aronszajn [1]. If w
is not identically zero in a neighborhood of £ = 0, then there exists a homogeneous polynomial P
of degree N, P not identically zero, such that for all € € (0, 1)

w(é) = P&) +O(lg]") (13)
we, = P, + O(IEV 1), i=1,2, (14)
wee, = Pee, +O(IEN727), 1<i,j <2, (15)
and
Pegy + Peye, =0 (16)

holds on a neighborhood of 0. Note that by (8), we have
0=w(0) =w(0),i=1,2.

It follows that N > 2 holds since N < 1 together with (13) and (14) implies that P = 0 by letting
£—0.

We can also note that since & = 0 corresponds to an A-umbilic, N > 3 holds since the left hand
side of (15) vanishes when § = 0. (If N = 2 then for some (4, j), P¢,¢;(0) # 0 and letting £ — 0 in
(15) gives a contradiction.) '

Let ¢ = & + v—1&. By (16), P is a holomorphic function and so we can write Pr¢ =:
CN=2)GQ(¢) where G is a holomorphic function of ¢ which is non vanishing in a neighborhood of
¢ = 0. By defining ¢ = B¢ where fV~2G(0) = 1, and renaming ¢ = ¢, we can arrive at a local
coordinate with G(0) = 1. We obtain from (15),

wee =¢N7? {G(C) + O(CF)] , Ve € (0,1). (17)

Suppose there exists a sequence ¢, — 0 with QCC(CH) =0,u=1,2,3,---. Then we obtain from

(17),

G(Gu) = O([¢ul) e € (0,1),
which is a contradiction since G(0) # 0. This shows that ¢ = 0 is an isolated zero of the matrix
(we,¢,)- Using (9) with f = w, we see that the A-umbilic at p is isolated.

On the other hand, If w = 0 near p, let U be the interior of the set of points where w vanishes.
On U, we have 0 = d(Dw +wv) = D?>w +wl = D?(y+ (A/2)q) + (v + (A/2)q)] = dx + (A/2)dX,
so U is composed entirely of A-umbilics. If U # 3, then = € 9U is an A-umbilic point and so an
equation of the form (10) holds near x and w does not vanish identically in a neighborhood of x.
If we then repeat the argument above with p replaced by x, we arrive at the conclusion that x is
an isolated A- umbilic, which is a contradiction. g.e.d.

3 Indices

In this section we show the following.

Proposition 3.1 Let X : ¥ — R3 be a CAMC surface which is not a rescaling of the Wulff shape.
Let p € ¥ be an A-umbilic and let F be an eigendirection field for D2y + (A/2)q] + [y + (A/2)q]]
defined near p. Then the rotation index of F' around p is negative.



Proof. We will precisely describe the coordinate change in going from (10) to (11).

Let
o ( a(y)  —b(y) ) .
Y —b(y)  <y)
Let A2, (A; > 0), i = 1,2 be the eigenvalues of the symmetric positive definite matrix £y. Then,

for some rotation matrix
P ¥ —sind
~\ sind  cosd ’

there holds RLyR ! = diagonal(A2, A3). It follows that if we make the coordinate transformation
t1 = (cosV)y; — (sind)yq, to = (sin?)y; + (cos?)ys, then the equation a(0)fy,, — 26(0) fy,y, +
c(0) fypyo = 0 is transformed into A% fy,4, + A3 fi,e, = 0. Finally, the transformation & = ¢;/A;
changes this last equation into the Laplace equation fg, ¢, + fe,e, = 0.

The polynomial P found above, therefore satisfies A3P, ;, + A3P;,;, = 0 and the Hessians
(P;,t5) and (P,,,,) are related by

Ril(Ptatﬁ)R = (Py1y7) . (18)

From (15), we get

MULUJ = Py'iyj + O(|y|N_2+€) ’ 1 < iaj < 2. (19)

By (18) the rotation index of the eigendirections of (P,¢,) and (P,,,;) are the same since the
eigendirections for one of the matrices differs from the eigendirection for the other by a fixed
rotation. Therefore it is enough to show that the rotation index of the eigendirections of (P, ¢,)
are negative.

We write & + iy = pe'®, then a calculation shows

cos(N—2)60 —sin(N—2)60
— A2 A A
(Ptatﬂ) = 2pN 2 < —sin(]\17—2)9 —cos(1N2—2)n9 )

AiAs A2
Let
1 1.2 4
A: = {(cos*(N—=2)0)(~—5 — —) + P12
R
1 1.2 4sin*(N —2)0
— 2 _ T SHL AUV = 2)0 59 /9
{(cos®*(N 2)0)(/&% + A%) + AZAZ }
2
—— ) .
Al (%)
Then the eigenvalues are given by
N(N-1) y_, 11
= — N -2 — — — ) A]. 2
s = L2 (eos(V = 20) (53— ) (20)
If (x,y) is an eigenvector belonging to Ay, we easily obtain
—y M Y S S
tan @ := o= 5 (cot((N 2)9)(/\% + A%> (N = 2)9))
1 Ay A cos?(N — 2)0) (L2 — A)? 4 43172
= = cot((N—Q)&)(—z—i-—l)—{( ( ,) N5 =) +4) :
2 A As sin((N — 2)0)



It follows that the winding number of the eigendirection corresponding to A4, is

L 1 A hay o (V=20 (8~ R)* 4\ \Y N

(This is shown in the Appendix.) Recall that we have shown above that N > 3 holds. The right
hand side of the above equality is negative.

We next show that the rotation index of an eigendirection of (w,,, ) at an A-umbilic is equal
to the index of an eigendirection of (P,,,,) at the same point.

Write Q = (w,,, ), P := (Py,y,). The eigenvalues of P are given in (20) and the corresponding
eigenvectors are orthogonal since P is self-adjoint. Set Ay = A1, A_ = Aa. Suppose PE; = A\ Eq,
PE; = XoEs with E; - Ej = 0;;. Let V be a unit eigenvector of Q with eigenvalue A = A(p, §).
Write V' =: (cos @) Ey + (sina)E. Then

2

M(cosa)Ey + (sina)E;) = Q((cosa)Ey + (sina)Es)
= (P+0(p"27))((cosa)E1 + (sina)Es)
A1(cosa)Ey 4+ Aa(sin o) By
+0(pN ) ((cos @) By + (sina) E,) .

This implies, using (20), that

cosa(m) = cosa(N(]\;_l)[cos((N — 2)0)(/%% - Ai%) + Al + O([ﬂ) : (21)
. _(N(N-1) 11 )
sma(W) = s1na(2[cos((N — 2)9)(A—% - E) — A+ 0(p )) ) (22)

where A; are constants. It follows that either cosa — 0 or sina — 0 as p — 0. To see this, assume
that neither of these limits hold. Since the circle is compact, we can find a sequence of points
(pi, 0;) with p; — 0 and cos(a(pi,0;)) — A # 0, sin(a(p;, 8;)) = B # 0. We can use this to cancel
the factors cos @ and sin« in (21) and (22) to obtain:

) — O eon (7 =200 (55 ~ 35) + A(0)] = O

and
M) - S Hcos((v - 200

Subtracting, we obtain

i_i)_
A3 A3

A6:)] = O(5).

A(b:) = O(p7) ,

which is impossible because of (x).

We will assume sin « — 0, the other case is similar.

It follows that V and F; are asymptotically parallel as p — 0 and hence V and FEj have
the same winding numbers about p = 0. To see this, write F1 = (cos u(p, 0),sin u(p,0)), Ey =
(—sin u(p, 0), cos u(p,0)), then V = (cos(a+ ), sin(a+ w)). The rotation index of V' is the integer
J given by

2nJ = }f_%j{(da +du) .



Choose pg ~ 0 such that 0 < p < po implies |sina| < 1/2. For some p, 0 < p < po, if a(p,0) is
continued along the circle of radius p, then we arrive at a(p, 27) = a(p,0) + mm for some integer
m. However, m = 0 must hold, otherwise there is a value between a(p,0) and «(p,0) + mm where
sin &« = 1 holds, giving a contradiction. Therefore,

lim ¢ daa=0.

p—0

It follows that the index of an eigendirection of (w,,, ) and the index of an eigendirection of (Py,y,)
are the same at ¢ = y = 0 and so both are negative. q.e.d.

4 Proof of Main Result

We will now assume that ¥ is a closed, genus zero surface with constant anisotropic mean curvature
A. The reader can easily verify that the product of a positive definite symmetric matrix, in
this case D%y + ~I, and another symmetric matrix, in this case dv, has real eigenvalues. By
considering the discriminant of the characteristic polynomial of (D?y + 4I) - dv, one can then see
that (A?/4) — Kx,/Kw > 0 holds. So A = 0 would imply that ¥ has non positive curvature which
is impossible for a closed surface in 3-space.

In order to prove the theorem, we will apply a well known result on the sum of the indices
of a direction field, [8], to an eigendirection field of D?[y + (A/2)q] + [y + (A/2)q]I. Although
D2y + 41 is globally well defined, the endomorphism field D?q + ¢I is undefined at points where
the curvature Ky vanishes.

Lemma 4.1 Let C be the closed subset of ¥ where Ky, = 0 holds. Let v be an eigendirection field
of D[y + (A/2)q] + [y + (A/2)q]I. Then v can be continued continuously across C.

Proof. We first show that there is a neighborhood C’ of C which does not contain any umbilic
points or A-umbilic points. If C' contained an umbilic point, then the principal curvatures at that
point would satisfy k1 — ko = 0 = k1k1 so dv would vanish. This would make (4) with A # 0
impossible. It follows that there is a neighborhood C; of C where which is free of umbilics. At any
A-umbilic, we have (A?/4) — Kx,/Kw = 0. Therefore Cy := {(A?/4) — Kx/Kw > A?/8}, gives a
neighborhood of C' containing no A-umbilics. We let C’ = C; N Cs.

We will show that the endomorphism field K (D?[y + (A/2)q] + [y + (A/2)q]I) extends contin-
uously to C and that this endomorphism field has no singularities in C' (singularites here includes
the possibility that the field vanishes). Since D?[y+(A/2)q]+[y+(A/2)q]I and K(D?[y+(A/2)q]+
[v+ (A/2)¢]I) have the same eigengirection fields on C’\ C', we can extend the eigendirection fields
of D?[y+ (A/2)q] + [y + (A/2)g]I to C by using the eigendirection fields of K(D?[y + (A/2)q] +
[+ (A/2)q) D).

We work at a point in z € C'\ C. At z, choose an orthonormal frame consisting of principal
directions. With respect to this frame we write

2 _ [ a1 a2 2 o —1/k 0
D'y+71—( ),Dq—&—q[-( 0 ks )

ai2 a2



Straightforward calculations then gives

—kia —koa
D2 I dy— 1011 2012 > 23
(D% + 1) - dv < —kia12  —koaoo (23)
A = ka1 + kaasa ,
and
ko(k1a11 — kea 2 Ka
K(DQH T (8/2)a) Iy (A/2)q)1) = ( 2 1}(@22 =)/ k1 (kaagg —1;:1(111)/2 ) 29

From (23), we see that an A-umbilic on a surface with constant non zero A corresponds to a point
where kiay1 — kaass = 0 and a;o = 0. Since there are no umbilics in C’, the frame of principal
directions is well defined on C’. Since both principal curvatures cannot simultaneously vanish
and since there are no A-umbilics in C’, the previous matrix cannot vanish anywhere on C’. and
the expression above for K(D?[y + (A/2)q] + [y + (A/2)q]I) extends over C' and has well defined
eigen-direction fields there. q.e.d.

Proof of Theorem 1.1. Assume that the surface is a topological sphere with constant anisotropic
mean curvature which is not a rescaling of the Wulff shape. Then the anisotropic umbilic points
are isolated. We consider a direction field F' on ¥ which is given on ¥ \ C’ as an eigendirection
field of D?[y + (A/2)q] + [y + (A/2)g]I and is given on C” as an eigendirection field of K (D?[y +
(A/2)q] + [y + (A/2)g]I) as defined above. Then the rotation indices of the singularities of F' are
all negative. However, by the Poincare-Hopf Theorem, Theorem 1.6 of [8], the sum of the indices
of a line field on a topological sphere is positive, which gives a contradiction. q.e.d.
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6 Appendix

We show
LT . o he A {leos?(V - 2)0) (32 - 8)T 4\ N2
e



Let z := Ay /A1, ¢ := (N — 1)6, then this formula is equivalent to

2m

— [ + [z — /
1/2 ! Dy arctan(l([z+l/z] cot ) — {4+ [z —1/2] cos® 9} /2
2m Jo 2

sin vy

Note that the integrand has singulaities at each half odd integer multiple of 7. In any interval free
of half odd integer multiples of 7, the integrand can be computed as

)) dy . (25)

Oy arctan(;([z +1/2] cottp — {4+ [z — 1/2]? cos? 1} /2 ) _ (22 4 1)

sin ¢ (22 = 1)2cos?p + 422
A standard table of integrals gives

ptany

WEr

arctan (

/ dv 1
e T
Using this with p? = 422 and ¢ = (2® — 1)?, we obtain

{44 [z —1/2]% cos® p}1/?
sin v

Evaluating the antiderivative over the endpoints of the successive intervals (0,7/2), (7/2,37/2)
and (37/2,27), gives

2z tany
22+1

/61/; arctan(;([z—i—l/z] cot ) — )) dyp = —%arctan

1 27 1 4 _1/42 2,11/2 1
8¢arctan<2([z+1/z]cot¢_{ + [z S{z]djcos v} )) dw=§(—w)=—1/2,

2m Jg

which proves (25).

References

[1] Aronszajn, N., A unique continuation theorem for solutions of elliptic partial differential equa-
tions or inequalities of second order, J. Math. Pures Appl. (9), 36(1957)235-249.

[2] Bers, Lipman, Local behavior of solutions of general linear elliptic equations, Comm. Pure Appl.
Math. 8 (1955), 473—-496.

[3] Besse, Arthur L., Einstein manifolds. Reprint of the 1987 edition. Classics in Mathematics.
Springer-Verlag, Berlin, 2008.

[4] Eisenhardt, Luther, P.; A treatise on the differential geometry of curves and surfaces, Ginn,
Boston, 1909(republished by Dover, NY, 2004).

[5] Giga, Y., Zhai, J., Uniqueness of constant weakly anisotropic mean curvature immersion of S?
in R3, Advances in Differential Equations 14 (2009), 601-619.

[6] He, Y., Li, H., Anisotropic version of a theorem of H. Hopf, Ann. Global Anal. Geom., 35
(2009), 243-247.



[7] He, Y., Li, H., Ma, H., Ge, J., Compact embedded hypersurfaces with constant higher order
anisotropic mean curvatures, Indiana Univ. Math. J. 58 (2009), 853-868.

[8] Hopf, Heinz, Differential geometry in the large. Notes taken by Peter Lax and John W. Gray.
With a preface by S. S. Chern. Second edition. With a preface by K. Voss. Lecture Notes in
Mathematics, 1000. Springer-Verlag, Berlin, 1989.

[9] Koiso, Miyuki and Palmer, Bennett, Geometry and stability of surfaces with constant
anisotropic mean curvature, Indiana Univ. Math. J. 54 (2005), 1817-1852.

[10] Oliker, V. 1., The boundary value Minkowski problem. The parametric case. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 9 (1982), 463-490.

[11] Palmer, B., Stability of the Wulff shape, Proc. Amer. Math. Soc. 126 (1998), 3661-3667.

[12] Pogorelov, A. V., Extrinsic geometry of convex surfaces. Translations of Mathematical Mono-
graphs, Vol. 35. American Mathematical Society, Providence, R.I., 1973.

[13] Reilly, Robert C., The relative differential geometry of nonparametric hypersurfaces. Duke
Math. J. 43 (1976), 705-721.

Miyuki Ko1so

Department of Mathematics

Nara Women’s University & PRESTO, JST
Kita-Uoya Nishimachi

Nara 630-8506

Japan

E-mail: koiso@cc.nara-wu.ac.jp

Bennett PALMER
Department of Mathematics
Idaho State University
Pocatello, ID 83209

U.S.A.

E-mail: palmbenn@isu.edu

10



