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Abstract

We consider the stability of capillary surfaces for non axially symmetric anisotropic surface
energies. The energy includes wetting and line tension. We obtain necessary and sufficient
conditions for the stability of anisotropic sessile drops.
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1 Introduction

Determining the geometry of interfaces between immiscible materials is an activity of increasing
significance. A vast literature exists in relation to a liquid drop which is surrounded by a vapor
and in contact with a solid substrate. Gibbs [3] noted that for a drop of a sufficiently small size,
the energy contribution of the junction of the three materials, known as the line tension, plays an
important role in determining the drop’s geometry. This line energy tension is usually taken to be a
multiple of the arc length, however for crystals, other notions of line tension appear. An important
issue involves the sign of the constant coupling the line energy term in the total energy. Widom [18]
shows that a spherical drop S resting on a planer substrate achieves an absolute minimum energy,
but only among rotationally symmetric surfaces. Variations of S through non axially symmetric
surfaces create an instability [15]. The reference [4] explains that this instability may not preclude
the physical stability of S since the wave lengths of the destabilizing variations may fall beneath
the length scale at which the entire surface tension model of surface formation is valid.

The present paper may be viewed as an attempt to extend these ideas to non liquid drops,
specifically to those where the homogeneous surface tension is replaced by an anisotropic one.
Specifically, we take our anisotropic free surface energy to be of the type introduced by Gibbs
which sometimes referred to as the Wulff model. The free energy of a surface X is

f=/27<v>dz,
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where v is a suitable positive function and v is the surface normal. Energies of this type were
shown to determine the equilibrium shape of crystals and were also applied in early investigations
into the geometry of liquid crystalline drops [2], [16]. Associated to each such surface energy, there
is a unique convex surface W, the Wulff shape, which is the absolute minimizer of F among all
closed surfaces enclosing the same volume V as W. If a closed convex surface W is given, it a
simple matter to construct an anisotropic energy functional F having Wulff shape W. In this
paper, will assume that W has a “product form”. This amounts to the property that when W
is intersected with any horizontal plane, the intersections are curves which are all homothetic to
a fixed convex curve Q) and they project to a family of concentric curves. When these curves are
circles, W is a surface of revolution. We then regard 2 as the Wulff shape of a one dimensional
anisotropic line tension functional £. This definition is a consequence of the demand that the part
of the Wulff shape contained between any two horizontal planes is in equilibrium when the line
tension, as defined above, and the wetting energy are coupled to the free energy by appropriate
constants.

We consider the equilibria for the total energy which includes the free energy F, the wetting
energy=a constant times area A wetted on the horizontal supporting planes and the line tension.
Above all, we study the anisotropic Delaunay surfaces which are the equilibria for the free energy
all of whose intersections with a horizontal plane are homothetic to 2. When the line tension is
non-negative and the Wulff shape is rotationally symmetric, the Maximum principle is used to
show that every equilibrium surface is of this form.

In the case of negative line tension, it is shown that all equilibria obtained from anisotropic
Delaunay surfaces, including parts of the Wulff shape, are unstable. However the parts of the
Wulff shape between horizontal planes have an interesting property analogous to that found by
Widom in the isotropic case; they minimize energy among all surfaces enclosing the same volume
and having horizontal cross sections homothetic to 2.

A sessile drop S is defined to be a part of the Wulff shape having one boundary component on
a horizontal plane. As mentioned above, each such surface is in equilibrium for a one parameter
continuum of functionals. The parameter 7 controls the linear combination of the wetting energy
and line tension that appear in the functional. We find a sharp upper bound for the value of 7
at which S looses stability, that is, S is stable if and only it 7 < 7. The quantity 7 depends on
the contact angle © between S and the plane. For © ~ 0,(resp. © ~ 7), as 7 | T a wetting (resp.
drying) transition is shown to occur which generalizes the behavior of liquid sessile drops found in
[18].

2 Preliminaries and examples

To begin, consider two parallel (horizontal) planes IT, II; in R*. Denote by II the union of IIy
and II;. Denote by A the closed domain of R® bounded by II. We consider a connected compact
smooth surface ¥ which is embedded into A and has free boundary on II. Set C; := X N 1II; and
denote by D; the planer domain bounded by C;. We assume that the compact closed piecewise
smooth surface ¥ U Dy U D; encloses a given fixed volume. The total energy of the surface is taken
to be:

E=F+w-A+717-L, (1)

where
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Figure 1: Configuration

o F .= fz ~v(v) d¥ is an anisotropic surface energy, where dX is the area element of X, v is
the unit normal vector field along ¥, and « is a function on the unit sphere S2. We will
assume that v is a smooth function and that the following convexity condition holds. The
Cahn-Hoffman field y := v + D~y defines a map of the two dimensional sphere into R3?. We
also assume that the image of this map is a smooth, convex surface. In this case, the surface
W := x(5?) is called the Wulff shape of the functional.

o w-A:=wyAy+ wi Ay, where A; is the area of D;. The case w > 0, (respectively w < 0), is
referred to as lyophobic, (resp. lyophilic), wetting.

o 7-L:=19Lo+71L1, where L; is the anisotropic line tension: £; = L[C;], which will be defined
later. The case 7 > 0, (respectively 7 < 0), is referred to as positive, (resp. negative), line
tension.

Such a configuration might arise, for example, if we consider a drop of nematic liquid crystal
trapped between two horizontal plates which is surrounded by an isotropic environment. The free
surface energy of the drop is the anchoring energy.

Line tension was introduced by Gibbs [3], and is known to play a role an determining a drop’s
morphology at a small scale (microns). A molecule lying on one of the contact curves C; should
carry an energy which is influenced by the three distinct phases with which it is in contact. If one
of these phases, say the material of the drop, is assumed to be anisotropic, the line tension should
be anisotropic as well.

A useful class of anisotropic functionals which satisfy the convexity condition can be produced
using a smooth norm || - || on R®. We denote the dual norm by || - || and define an anisotropic



surface energy for smooth immersed surfaces by

_7:2/ [lv|| d2,
b

where v is the unit surface normal, where d is the area element of 3. In this case, the Wulff
shape is just the unit sphere in the dual norm, i.e. W = {x € R®|||x||« = 1}. In fact, every
anisotropic energy functional which satisfies the convexity condition and whose energy density is
even, v(v) = y(—v) arises in this way. In regard to the application to nematic liquid crystals, the
energy density is always taken to have this property.

We will now be more specific about the type of free energy which will be studied. We will
consider a Wulff shapes W of product form. By this we mean that W can be parameterized

X(o.t) = (u(@)falt), BB v(0) 0<o<o,0<t<E. (2)

It is assumed that (u,v) is a smooth, convex, closed planar curve with arc length ¢ which is
symmetric with respect to the v-axis, and (a, 3) is a smooth, convex, closed planar curve such that
the origin is inside of the domain bounded by this curve.

We are now in a position to define the line tension. The choice of the line tension functional
is such that when it is included in the total energy, parts of the Wulff shape bounded by parallel
planes are still in equilibrium if the constants w; and 7; are chosen correctly.

The image of the curve (o, 3) may be regarded as a planar Wulff shape Q which defines an
anisotropic energy functional for oriented curves C' by

zc) = /Cmv) dL,

where N is the unit normal to the planar, simple closed curve C, and dL is the line element of C.
The function I' is given by the support function I'(N) = P - N, where P is the position vector of
the curve (a, 3) at the point where the normal coincides with N on Q. The function I" will depend
on the choice of origin in the plane but different choices will give equivalent variational problems.

This definition of the line tension can be justified from a physical point of view. A molecule on
the curve C; is in contact with the (anisotropic) material of the drop and so the line tension should
also be anisotropic. Also, the boundary curve only has degrees of freedom within the horizontal
plane so only the horizontal component of the anisotropy should affect the curve’s shape.

We now will consider the total energy defined by (1).

For suitable choices of the constants w and 7, the part of the Wulff shape bounded between
two horizontal planes will be in equilibrium. In fact, our definition of the line tension is the only
one possible which has this property. Let N denote the outward pointing unit normal to the curve
C. The first variation of £ can be expressed:

5£:/)\5C-NdL,
where )\ is the anisotropic curvature of the curve C with respect to the inward pointing normal,

that is, A = k/m, where k, m are the curvatures of C, («, 3), respectively, at points where the
normal agree. The first variation of A is given by

5.A:/6C~NdL.
c



Under rescalings of the curve C' — rC, we have A — A/r.

Obviously, Wulff’s Theorem implies that €2, or any rescaling of €2, is in equilibrium for the
functional Lo with the area within the curve constrained to be a constant and so A = const. on
Q). Calculation shows that Aq = 1.

The set of admissible variations will consist of those 6X = £ + ¢v, where £ is the tangential
component, which satisfy

/1/1207 and 0X - -E3;=0o0n 0X2. (3)
by

The first equation insures that, to first order, the variations preserves the volume enclosed by the
surface. Using the formulas above and the fact that N = (—1)*X, x E3 on C;, we obtain the first
variation formula,

65:7/Awd2+ >
P

j{ 6X - (X x (x4 (=1)[w; + T\ E3) dL . (4)
i=0,17Ci

In order to have an equilibrium, we must have that the vector (X1 x (x + (=1)"w; + A E3)) is
parallel to E3 along the boundary, since the variation field is constrained to be perpendicular to
E3 on the boundary. From this we obtain that x + (—1)*[w; + 7;A] E5 must be perpendicular to F3
on 0X.
Equilibria for the constrained free boundary problem are therefore characterized by the two
conditions
A = constant, in X, (5)

x- B3 = (1) (w; + ;) , on 9. (6)

Solutions of this problem will be referred to as capillary surfaces. When the line tension is zero
and the energy is axially symmetric, the Maximum Principle implies that all capillary surfaces are
surfaces of revolution. The same conclusion holds for axially symmetric energies and non negative
line tension (Theorem 6.1).

For W, the part of the Wulff shape bounded by two horizontal planes vy < v < v, the plane
curves given by the intersections of W with these planes are u(v;)(a, 3), u(v;) > 0. We have
A = 1/u(v;) on the curve C; and the boundary condition for equilibrium is

vi + (=) (w; + 7i/u(v))) =0 onC;, i=0,1. (7)
Define w} = w; + 7;/u(v;) . We assume 7; < 0, which means w; > w},
positive. The value of w* is chosen so that the part W of W with y - B3 = (—=1)""'v; on Cj is in
equilibrium for the functional F + w§Ap + wiA;.

We now briefly recall a class of examples which generalize the Delaunay surfaces which are the
classical constant mean curvature surfaces of revolution. We seek surfaces ¥ with A = constant
with a parameterization the form X = (x(s)[a(t), 8(t)], z(s)). The curve (x,z) will be called the
generating curve of the surface. The normal to ¥ and the normal to W agree at points where
zy = vy, holds. With this identification, in [11], we proved that the generating curve must satisfy

i.e. the line tension is non

2ux 4+ Az? = ¢, z=/mudv. (8)



Figure 2: Wulff shape of product form Figure 3: Anisotropic catenoid.

These conditions are independent of the cross sections (a, 3). The solutions fall into six types:
planes (A = 0, ¢ = 0), rescalings of W (A < 0, ¢ = 0), cylinders (A < 0, vV—Ac = @ := maxu),
catenoids (A = 0, ¢ # 0), unduloids (A < 0, 0 < ¢ < @?/(—A)) and nodoids (A < 0, ¢ < 0). Here
we have normalized the orientation so that A < 0 holds. The unduloid is an embedded periodic
surface while the nodoid is a periodic surface with self-intersections. The nodoid is the only one
of the last four types of surfaces which has points where the tangent plane is horizontal. This will
play a crucial role in the stability analysis.

For the case where the functional is axially symmetric and 7; > 0 holds, we show, by using the
Maximum Principle, that any capillary surfaces embedded in the region between the planes is, a
priori, a Delaunay surface (Theorem 6.1). Later we will develop a version of Schwarz symmetriza-
tion which will indicate that when 7; > 0 holds, any minimizer for the capillary problem should be
this type of surface also (§4).

For the part of an anisotropic Delaunay surface between the planes II;, equilibrium equation
(6) reads

X B3 = (1) (w; + ), on 9%, (9)
K3
since the anisotropic curvature of a curve R(«, ) is 1/R. If this equation is satisfied on both
planes, we will refer to the surface as a capillary Delaunay surface. Of course we can always start
with the part Sofa Delaunay surface between two planes and simply define constants 7;, w; such
that (9) holds. The surface ¥ will then be a Delaunay capillary surface for (1).

In the next section we will begin to study the stability of capillary surfaces. Note that for a

part of a Delaunay surface between two planes, the values of w} are determined by the surface.

3 Second variation

In this section, we give the second variation formula of the energy and a criterion for the stability,
for a capillary anisotropic Delaunay surface for a Wulff shape of product form.
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Figure 4: Anisotropic unduloid Figure 5: Anisotropic nodoid

Let X : (3,0%) — (R3I) be a capillary Delaunay surface. Then, for a variation X, :
(2,08) — (R3,10), X, = X + €(£ +9v) + O(e?), of X, the second variation of the energy

E=F+w-A+7-L
is given by
yg:_/yuwmz+ YB,[¥] dL =: Ix[y], (10)
b3} ox

where J and B, will be defined below, and the formula (10) itself will be proved in §10. First, J
is the Jacobi operator given by

J[¢] = Div[AVY] + (A - dv,dv)p . (11)
For a surface of revolution, this is expressed as follows.
T = o™y wvs)s + iy w ™ oo} + {py KT 4 g K (12)

Here the pu;’s are the principal curvatures of the Wulff shape with respect to the inward pointing
normal while the k;’s are the principal curvatures of ¥. For details, we refer the reader to [9].
The boundary operator B, is defined as follows. First define B by

BlY] = —6x -n= AV + Z—zwdu(n)) . (13)

For a surface of revolution, this becomes

Bly) = —(=1)"py (s = (2"/2)0) - (14)

The quantities which depend on y should be evaluated at points of W where (6) holds. Let m be
the (positive) curvature of the one dimensional Wulff shape I". The boundary operator B, is

T I<E2
B[] = Bl] - ~[(=(L)0)n + 2] (15)

ng - m ns mns



For symmetric variations, we have the simpler form

_ Ty
Consider the spectral problem:
JY] +ep =0o0n 3%, B [¢] =0o0n 9. (16)

We order the eigenvalues be e; < ey < ...
Because of the constraint, it is not possible to determine the stability purely in terms of the
spectrum of the problem (16). However, we have the following criterion.

Proposition 3.1 (i) If ey > 0, then the surface is stable.
(ii) Assume that ey < 0 < ey holds. Assume that there exists a solution of the problem

Jpl=1 in 3, B.[¢]=0 on 0%. (17)

Then, the surface is stable if and only if

/EquEzO

holds. If no solution of (17) exists, the surface is unstable.
(i) If ea < 0, then the surface is unstable.

Remark 3.1 We note that when e; < 0 < ez holds, a solution to (17) always exists by the
Fredholm Alternative.

Remark 3.2 Except for the case when e; = 0, a criterion of the stability for a more general
variational problem with constraint was first obtained by Maddocks [12], and was first applied in
the case of constant mean curvature by Vogel [17], which were essentially similar to Proposition
3.1. The result for the case when e; = 0 was essentially proved in Koiso [7].

4 Schwarz symmetrization

In this section, we prove that, for the anisotropic surface energy whose Wulff shape is of product
form, a Schwarz type symmetrization works for certain class of surfaces embedded into A. Also,
we will point out that this means that the stability analysis, for the case where the line tension is
nonnegative, is reduced to “symmetric variations”.

Let | - |z and | - |y> be smooth norms on R? which we will refer to as the horizontal and vertical
norm. It is assumed that the vertical norm is invariant under reflection through the coordinate
axes so that

(@, y)lv = [(=], [y})lv (18)

holds for all (z,y) € R?. We define a norm || - || on R? by |[(z1,22,23)|| := |(|(21,22)|m, 23)]
For a smooth oriented surface, we define the elliptic functional

v

FIX] ::/E||1/|\d2.



The Wulff shape corresponding to this functional is

W= {x [ lIxll« =1},

where ||x||« := |(|(X17X2)|H*’X3)’V* is the dual norm.
Let (a(t), B(t)) parameterize the curve |z|g. = 1 and consider a surface parameterized by

X(t,z) = (r(t, 2)at),r(t, 2)8(t),2), 0 <t <T,z0 <2< 21, (19)

where r(¢, z) is a smooth positive function. Define a symmetrized surface Y (¢, z) := (R(2)a(t), R(2)5(t), z)
by requiring that the areas enclosed by each level curves z = constant agree for the surfaces X and
Y.

Theorem 4.1 The symmetrization diminishes the anisotropic energy, that is, F[Y] < F[X] and
LY] < L[X] hold.

Proof. First we will show that F[Y] < F[X] holds.

We have o gFIX
)= | "X e (20)
2 z

0

where

dF[X)]
dz

=/H&XXMﬁ=/|WW%¢W®Mmﬂ%W@-%@MJﬁ (21)
0 0

By the definition of Y, we have

T T
R2(z)/ (afBy — auf) dt = / r2(t, 2) (B — apf) dt |V 20 < 2 < 21 . (22)
0 0

The one dimensional version of Wulff’s Theorem implies

T T
RG) [ 10 —aludt < [ |8y ~(ra)olu dt. (23)
0 0
Note that it is possible to choose the parameter ¢ so that

|(Be; —aw) g = 1= (B — au3) - (24)

To see this, let Q* denote the one dimensional Wulff shape given by |z|m. = 1. For each (o, ) € Q*,
there is a unique vector (o, 3)* in the dual ‘sphere’ 2 := {|z|g = 1}, satisfying the two conditions

(@, 8)*|m =1, (&, B), (e, 8)7) =1.
Let s be the arc length parameter on Q* and let 0 = af; — Ba,. It is easily checked that

(0475)* = (657_a8) .

g

Changing coordinate by dt/ds = o gives (24).



Using this coordinate, (21) becomes

T
dfdi)(} — /0 |(|((Tﬁ)t7_(ra)t)|Ha_TTZ)‘Vdt
T

IV

T

‘ (/ [((rB)e, —(ra))| g dt,/ —rr, dt) |v (25)
0 0

by the triangle inequality. Similarly,

dFY]
dz

T
:/0 (I((RB)e, —(Ra)e) |, —=RR.)|v dt = T|(R, ~RR.)|,, = |(TR, ~TRR.)[,, . (26)

Using (22), we obtain
T
RR.,T = / rr, dt .
0

Combining the previous line with (18), (25), (23), and (26), gives dF[Y]/dz < dF[X]/dz. If we
regard F[X] in (20) as a function of the upper limit of integration z; and we write F[X] = F[X](z1),
then clearly when z; = zg, we have F[X]|(z9) = 0 = F[Y](20) and so dF[Y]/dz < dF[X]/dz implies
FY] < FIX].

We will apply this to the second variation. Let X be a compact part of a generalized anisotropic
Delaunay surface which occurs as a capillary surface. We also assume that the normal vector is
nowhere vertical on the closed surface, i.e. 1—v2 > 0 holds on . Then ¥ can be parameterized as
in (19) with r(¢,2) = r(z). We consider a volume preserving deformation X, = X +€(6X) + O(€?)
which preserves the free boundary condition. We then replace each surface X, by its symmetriza-
tion XE. For ¢ ~ 0 each surface Xe also admits a parameterization as above. Also the new
deformation is volume preserving and preserves the boundary conditions. Since symmetrization
decreases both the surface energy and the line tension £ and preserves the wetting energy. There-
fore, if 7; > 0 holds, we have §2£[X,] > 0 implies 92£[X,.] > 0. Therefore the surface is stable if
and only if the second variation is non negative for symmetric, volume preserving variations.

5 Reduction to the axially symmetric case

In this section, we consider the second variation of energy for a capillary Delaunay surface. The aim
is to show that if we restrict to symmetric variations, i.e. variations through anisotropic Delaunay
surfaces, then will show that when we consider the problem (16), can reduced to computing the
spectrum in the axially symmetric case.

Again, we consider the Wulff shape of the form (2) and consider a second surface of the same
form:

X(s,t) = (2(s)[a(t), B(1)], 2(5)) -

We will call a variation of X of the form
Xe(s,t) = ((x + edz)(s)[(t), B(1)], (= + €d2)(s))

a symmetric variation. The field 0X = 9.(X.)e=o will be called a symmetric variation field.

10
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(27)
(28)
(29)
(30)
(31)

[¢] dX% .

2400 — X402 .
Fd

(Q)/ﬁ;
P

< s1 s stable for the functional
area
T

(3

<s

—u,; — u/x , which is independent of ¢t. It

is independent of ¢ also. (Here we are using that

Yl

[

(B — Bay )Y 2dsdt .

2
J

U(s).

11

- /E bl d:

(z(s)e”, 2(5)). s0

whose Wulff shape has circular cross sections.
J[]

constant.) Therefore, with the obvious notation,

((z + edz)e®, z + €dz). In particular 1)
We will now show that a Delaunay surface X (s,t), so < s < s1 is stable for the free energy plus

(aﬁt - ﬁat)Q]l/Q ’

B+ =

2
s

(Oéﬁt - ﬁat)Q]_l/Q(Zsﬁu —ZsOi, —xs(@ﬁt - ﬁOét)) )

2
s

2
t
(GO

(aﬂt - 50%)

B+ =
Note that 1 is just the normal component of the variation field for the family of immersions

(«
Y i=v-0(X.) = P(s, )

2
s

)+

2
wetting if and only if the surface X (s,0) :

B

(af
() /

™

2
s

(22 (e
d¥ = x[z
= E

area

=v

P(s,t):

Xt XXS
|Xt XXS‘
7/ b dS
P

It is easily checked that the normal component of a symmetric variation is given by

The normal to the immersion X is given by
The anisotropic mean curvature is given by A
It then follows from (28) and (29), that

follows that for symmetric variations, A

and the area form is given by
A

where

Xe



Therefore, there exists a volume preserving symmetric variation for X with negative second varia-
tion if and only if there exists a volume preserving variation of X with negative second variation.

We now consider the boundary operator B. For any admissible variation, i.e. E3-({+vv) =0,
we have

BwyzAww+£wwm»m,
can be written as
n3 B[] = —ox - B .

Since x - E3 is independent of ¢, we obtain
n3B[y] = nzB[Y] .

For convenience, we assume that ¢ is the coordinate along 2 which was used in the previous
section so that af; — a3 = 1 holds. Note that this implies that if £ is the arc length coordinate
on €2, then

dt =T d¢ = T(a? + 82)Y/2dt (32)

where T is the support function of 2. Since the boundary curves C; have the form, t — (z(a(t), 3(t)), constant),
we have dL = zd€.
We compute from (27)
ﬁQ P2
=10 =1t = e + o = T
It is clear that n3 and 73 have the same sign. Combining these formulas, we get

YB[Y) dL = (&P)(%)Bm dL = ¢ B[flaTde |

This gives
area({) —— o
v L = [ Gpy)ar. (33)
o% m F2)>
Similarly, we transform the last integral in (51),
¥? (W*P?) 73 v’ %l
dL = —)dL = dL = d¢ .
z2n3T z2T'n3 <n§) z2T'nj x2n3 d
Therefore ) ) _
P area P -
xQnQFdL = T dL. (34)
o% 3 o% 3
By combining (31), (33) and (34), we have
Theorem 5.1 For symmetric variations,
526 — area(Q)éga
0

and consequently, the surfaces ¥ and £ are simultaneously stable or unstable with respect to sym-
metric variations.

12



6 A uniqueness theorem

Theorem 6.1 Let F = [~(v3) dX be a rotationally invariant anisotropic surface energy with
vertical rotation axis, and let ¥ be a compact embedded capillary surface for E =F +w-A+7-L
with non negative line tension 7; > 0. We assume that the support surface 11 is either a single
horizontal plane, or the union of two horizontal planes. We also assume that ¥ is embedded into
the closed region bounded by I1. Then % is part of an anisotropic Delaunay surface, i.e. X is
rotationally symmetric.

Proof. We will prove the assertion for the case that the support surface is the union of two
horizontal planes Iy, II;. For the case where the support surface is a single plane, a similar proof
works.

Also, for simplicity, we assume that the interior of ¥ does not touch Ilo UIl;. In the case where
the interior of 3 touches IIy UTl;, a slight modification of the proof works.

We denote by 2 the closed domain of R? bounded by II; and II;.

It is sufficient to prove that the surface ¥ is symmetric with respect to a plane z = constant.

Set

C; =X NIl C:=CouCy
(i=0,1).

Denote by D; the inside of C; in II;. And set D := Dy U D;. Since ¥* := X U D is a 2-
dimensional connected closed topological submanifold of R3, it bounds a bounded domain G of
by virtue of the Alexander duality theorem.

For any real number a, denote the plane {x = a} by P,. Set ag := min{z | (z,y, 2) € X}.

Define a subset H, of ¥ by

H, := {(Iayaz) EE|1’<(I}

for a > ag. Then H, is not empty. Denote by H, the reflection of H, with respect to P,. If a —ag
is sufficiently small, H, is contained in G U D. Set

c=sup{be R|H, C GUD, Ya € (a,b)}.

It is easy to see that we have the following three cases.
(I) There exists some p € (9H, N JH,) — C such that T,(2) is perpendicular to P..
(IT) There exists some p € H. N (X — C) such that H. and ¥ — H,. touch each other from one

side at p.
(II1) 0H. N C # 0.

First, we assume (IIT). We take a point p € OH.NC. We divide the situation into the following
two cases:

(ITI-1) Tangent spaces of ¥ — H. and E at p coincide.
(I11-2) Tangent spaces of ¥ — H, and H, at p do not coincide.
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Assume (I1I-1). ¥—H, and H, touch each other from one side at p. Since the anisotropic energy
density v is rotationally symmetric with respect to the z-axis, by the Hopf Maximum Principle
([6, p. 159, Corollary 4.6]), ¥ — H, and H, coincide in a neighborhood of p.

Next consider the condition (III-2). We will prove that this case does not occur. We will prove
this under the assumption that p € II;. In the case where p € Ilj, the proof is similar. p is the
reflection of a uniquely determined point py € H, N C; with respect to P,. We first claim that
because of the assumption (III-2), it follows that v3(p) > v3(po).

To see this, we denote by u the unit tangent vector of C; at p. Here, we take the orientation
of C so that a point goes along C; having the interior of C; on the left. u can be represented as

u = (cos(0 + 7/2),sin(f + 7/2),0).

Denote by o = (1,77, 73) the outward-pointing unit normal of H,. The outward-pointing unit
normal vectors of ¥, H. at p are

<

(cos pcos b, cos psin b, sin p),

(p)
v(p) = (cospgcosb,cos pgsinb,sinpp),

respectively. Here

T < <7 4
2_/);/)0_2; 14 £o

is satisfied. Denote by v, v the inward-pointing unit normals along 0%, OH,. at p, respectively.
Then

v = (cos(p—m/2)cosh,cos(p—m/2)sinb, sin(p — 7/2)),
vo = (cos(po —m/2)cosb,cos(py — 7/2)sinb,sin(py — 7/2))
holds. Since, in a neighborhood of p,
H.cG, v % v

holds, we have
po—T/2< p—m/2.
Hence,
po < p
holds. Since —5 < p,pp < 5 holds, sin pg < sin p holds. Therefore,

v3(p) < vs(p)
holds. Because v3(pg) = 3(p), we have
v3(po) < vs(p),

proving the claim.

Therefor, it follows that, x3(p) > x3(po) holds. This inequality together with (6) implies
TiIA(p) > T A(po). Since 71 > 0, A(p) > A(po) holds. However, this inequality contradicts the
assumption that 81f[c C Dj near p.
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Now assume (I). Then ¥ — H, and H, touch each other from one side at p € d(X — H,) N OH.,.
Since the anisotropic energy density v is rotationally symmetric with respect to the z-axis, again
by the Hopf Maximum Principle, ¥ — H, and H, coincide in a neighborhood of p.

In the case where (II) holds, also by the Hopf Maximum Principle, ¥ — H,. and H, coincide in
a neighborhood of p.

Consequently, in all cases, we have at least one point p € (X — H.) N H, such that ¥ — H, and
H, touch each other from one side at p, and ¥ — H, and H, coincide in a neighborhood of p.

Now, denote by K the connected component of H, which contains p. Then K is the reflection of
a certain component K of H,_ with respect to P.. If we use the Hopf Maximum Principle repeatedly,
we derive that K N'Y is an open and closed subset of K. Because K is connected, K N'Y is all of
K. Hence K is contained in ¥. Therefore 9K N Q° coincides with K N Q°, where Q° is the open
domain of R? bounded by Iy and II. Therefore, K U K U I, U IT; determmeb a 2-dimensional
topological manifold K* without boundary which is contained in ¥* = ¥ U D. Therefore, K* is
open and closed in ¥*. Since ¥* is connected, K* coincides with ¥*. Consequently, we conclude
that X is symmetric with respect to a plane z = constant. q.e.d.

7 Negative line tension

An important result known as Winterbottom’s Theorem [19] states that W is the absolute mini-
mizer of the the functional F + w* - A among all surfaces containing the same volume and having
free boundary components on any two horizontal planes, not just II;, i = 0,1. We will now give a
modest result in this direction for the case of negative anisotropic line tension.

Wulff’s Theorem, [1], [2], states that the Wulff shape is the absolute minimzer of the anisotropic
energy among all curves (resp. surfaces), enclosing the same area, (resp. volume). This gives

=:4pq .

Let S be a surface which contains the same volume as W and is contained between the planes II;,
1 =0,1. We also assume that S has the same product structure as W, i.e., S can be parameterized
in the form X (s,t) = (x(s)(a(t), 8(t)), 2(s)). Let S; be the part of II; wetted by S.

ES] = (F+ ) wA)SI+ Y nL0S)]

i=0,1 i=0,1

= (F+ ; wi Ai)[S] + ;fwi DA+ D LS

> (]—"+Z_Zi wi A;)[W] +_Z (wi — w})A[S] J:_ 7 7L]0S;]
1=0,1 1=0,1 1=0,1

= (F+ ) wfA) W]+ Z(wi—w + T:.L[05;]
i=0,1 i=0,1 i=0,1

= (F+ 20:1 wiAN W] + zojl Wi 9L (£0S)? - dpeu(v:) L[0SH])
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"
Wi

= (F+ Y wr AW+ 3 T (2[0S — 2paulv:)]? — dpd(u(v:)?)

i=0,1 = A

> (F+ Z wf.Ai)[W] — Z (w; —wf)pg(u(vi))Q
i=0,1 i=0,1

= &W].

Winterbottom’s Theorem was used to go from the second to the third line. We have shown:

Theorem 7.1 W minimizes the functional £ among all surfaces enclosing the same volume and
having cross sections which are rescalings of ).

As with Winterbottom’s Theorem, it is not necessary that the comparison surfaces are bounded
by the same horizontal planes as W. Also note that the proof works just as well when the Wulff
shape is crystalline, i.e. it is a convex surface of product type which is composed of planer faces.

In contrast to the fact that W minimizes energy among surfaces having the same cross sections,
we have the following.

Theorem 7.2 Let ¥ be a capillary Delaunay surface for € = F+w-A+7-L witht; <0 (i =0,1).
Then % is unstable.

Proof. We begin by identifying R? with C and parameterizing the one dimensional Wulff shape €
in tangential coordinates by _

Y (F+ZT¢)€W ,p € St
Here T is the support function of €2 considered as a function on S'. The arc length density of
and the curvature of €2 with respect to the inner normal are given by
dy 1

- (>0). (35)

dLo = (T +T,,)d = =
o=+ cpso) Y, m dLo, T+T,,

If ¥ is an embedding of an anisotropic Delaunay surface, we can parameterize ¥ as
X(s,0) = (2(s)(T' +140,)e"?, 2(s)) .

We write d¥ =: G(s, p)ds dp.
We denote by X, 5, the part of ¥ with s9 < s < s1. The curve Cj is assumed to correspond

to s = sg. Let
f(s)sin My

G(s,¢)

represent the normal component of a variation field. The function f(s) will be assumed to satisfy
0<f<1, f(s0)=1, f(s1) =0 and |fs| < 2(s; — s9)~! . Note that for M > 1, there holds

/E $dS =0.

50,51

P =

If we define the operator



then the second variation formula gives

525:/ Aw.w—<Ady,dy>¢2dz+j[ JdL. (36)
P

50,51 EEEN)

1/)22—2Ad1/(n)~ndL—T]{ Yot

s—so M3 N3

In what follows, we let a1, as, ... be non negative constants which depend only on the local geometry
of ¥4, ,s,, but not on sy or s;. It is clear that

AVY -V dS < ay (V2 +¢2) ds de < (a2 + as(fs)? + aaM?) ds dyp .

(ag is obtained from bounds on G and its derivatives.) It follows that

/ AVY-Vip—(Adv, dy>¢2d2+j{ wQﬁAdz/(n)-ndL < ay(s1—50)+2a3(s1—50) " H+asM?(s1—50)+as.
Sen.s s=s0 ns

50,51
(37)
Next, we examine the operator ). Note that since Cy and 2 are similar, we have dL = x dLq
and the curvature of Cy is k = m/x. It follows from (35), that

Qlg) = 9o +9) = 73 (900 +9) (3%)

$2(st +7T) (
Since ¥ /ng = sin(M)[f(s)/(nsG(s, )] , we have

EEFIOP. ; b 2 1
Qvinsl = L Quin(ae)] + (5) (M )QI ]+ 2/ M F () cos(M )0, ]
_ _Mmapv ; s 2 1
= AR L 4 ()M )@l ] + 2/ M (5) cos(M)O, ).
It then follows, using that 7 < 0 and f =1 on Cjy, that
—7']{ EQ[i] dL < 12a6M?* + a7 + agM ,
—s0 N3 M3
with ag > 0. Combining this with (37), we get
62€ < a(s1 — s0) +2a3(s1 — s0) "t + ayM? (51 — s0) + a5 + 72a6M* + a7 + agM . (39)

By choosing s1 = sp so that as(s1 — so) + T7ag < 0 holds and then choosing M >> 0 so that
az(s1 — s0) +2a3(s1 — s0) "L + a5 +TagM? + a7 +agM < 0 holds, we get that the second variation
is negative. q.e.d

One sees from (39) that for instability, the period of oscillation 27/M should decrease like

[A] + Ass~1/2]7" where Ay, Ay are positive constants and s is the arc length of the generating
curve.

8 Sessile drops

In this section, we will consider the stability of an anisotropic sessile drop, i. e. a surface S which
is a part of a rescaled Wulff shape bounded by one horizontal plane. It is shown below that when
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the line tension is non negative, these are the only possible solutions with one free boundary. We
recall that the boundary condition is

X By =t ). (40)

In applications, the parameters 7 and w would be determined by the materials involved. We
will consider the existence of a drop with these parameters and drop’s volume prescribed. Let v,
resp.?v be respectively the minimum and the maximum of the height function on W.

If such a drop S exists, it is contained in RW for some R > 0. We then obtain that the volume
is

V= 7TR3/ u?(v) dv,

We use this to solve for R and write = Ru(v) in (40). We obtain the condition

O=v+w+ U(TU) (Wff U‘Q/(v) dv>1/3 =:G(v).

For some ¢ € [v, 7], there holds [ u? dv = u*(€)(7 — v) and so

o L <7rf: u(v)? dv>1/3 _ hm(u2(f) (U—U))))l/3 — (—va(u=0)3 =0

010 u(v) Vv oo \ u?(v) (u— u(v

It then follows easily that

ImG(v) =74 w, lifnG(v) = sign(1) - 00

v1o

We conclude from this that if 7 > 0 and v +w < 0 holds or 7 < 0 and v+ w > 0 holds, then there
exists a sessile drop for any volume V.
From the Schwartz symmetrization we get the following.

Proposition 8.1 Consider the functional € = F+w-A+7-L with; > 0,i = 0,1. If a minimizer
exits for the volume constrained problem with one free boundary component, then the minimizer
must be a sessile drop.

We continue with the case where W is a surface of revolution and we assume that the line
tension 7 is positive. (In the case where 7 = 0, Winterbottom’s theorem implies that W is stable.)
Recall that when the line tension is non negative, then the surface is stable if and only if it is stable
with respect to symmetric variations.

Consider the eigenvalue problem

(J+XN)p=0, inS, B;[]=0 ondsS,

restricted to rotationally invariant functions. The eigenvalues will be enumerated in ascending
order \; < Ay < ...

Proposition 8.2 (i) A\; < 0 holds.

(i) If v4 > 0 holds, then A2 > 0.

(iii) If v4 < O holds then, B;[v3] > 0 on 0S implies the surface is unstable.
() If If v4 < 0 holds then, B.[vs] <0 on 0S implies Ay > 0.
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Proof. Note that the function 2’ satisfies J[2'] = 2’/(2?uz2) with B1[2'] =0 on dS. From this it it
follows easily that A\; < 0 holds.

To show (ii) note that 3 > 0 on all of S and so the first eigenvalue of J for the Dirichlet
problem is non negative. If ¥ is an eigenfunction belonging to A2, then ¥ changes sign and one of
its nodal domains has first eigenvalue equal to A\o. By monotinicity of Dirichlet eigenvalues with
respect to the domain, we get Ay > 0.

We now show (iii). Write v3 = v — v3 . Since v3 changes sign, we can find a positive constant
a such that g := avi — v satisfies

/ gdS=0.
s

Since g is piecewise smooth, it is admissible in the second variation formula. Then for this function

=9 wB.[rldL<0,
a5

proving (iii).

Finally, we show (iv). Again let 19 be an eigenfunction belonging to As. The nodal set of 1 is
a circle which we denote by C and we let U denote the region bounded by C and 9S. If a; is the
first eigenvalue of the problem

(J+aNy =0, inU, B;v]=0, ondS,»=0, oncC,

then a; = Ay holds. Since v3 > 0 on U, we can write any function 1 satisfying these boundary
conditions as ¢ = fvs for some function with f = 0 on C. We have by straightforward calculations:

—/wmdsz—/gdiv[ugAVf}dzz/ 1/§Vf-AVde—% fU2AVS -ndlL,
U S U oS

¢Br[¢] dL = f2V3BT[V3]+V§fAVf'TLdL.
oS 98

It follows by adding the last two formulas that a; > 0 holds from which it follows that Ay > 0

holds. q.e.d

Let S be a rotationally invariant sessile drop whose boundary circle lies in the plane z = z. We
will always assume that S is a part of a rescaling of the Wulff shape, i.e. S C RW for some R € R.
If the angle © between S and the plane {z = z} is not a right angle, then there is a unique cone
C which is tangent to S along 0S. Let Vi denote the volume of this cone. If © € (0,7/2) holds,
then C and S lie on the same side of the plane and by the convexity of W, Vo > V holds. On the
other hand, for © € (7/2,7), C and S lie on opposite sides of the plane and Vi < V holds.

Theorem 8.1 Let W be a rotationally symmetric Wulff shape which is symmetric with respect to
the plane z =0 and let S be a sessile drop with 7 > 0.

Then, S is stable if and only if
VeV
< 41
T= TRx(Ve —a(v3)V)’ (41)
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S
()] v
(0,x)
holds, where
+1, vz >0,
o(vs) := 0, v3 =0,
-1, vg < 0.
Proof. We first attempt to solve the equation
J¢] = —A, B.[¢]=0,on 8S. (42)
Since J[g] = —A and since vg is the only rotationally symmetric solution of solution of J[u] = 0

defined in all of S, any rotationally symmetric solution must be of the form, ¥ = q + cv3, where ¢
is chosen so that B;[g] + ¢B;[v3] =0 on 0S. We have from (previous paper),

kl TV3 -1 TV3

Bylyg] = —- - B - B 43
[v3] iz 2222 Re  22(2)? (43)
One then sees that since ¢ = 2’ — 2’z and v3 = —2/,
k _
B.lg) = —5 - 2 s = 2Belu] /(). (44)

e z2(2)2 “ Ry 22(2)2

Thus, if B,[v3] = 0, then B, [q] # 0 and the equation (42) is unsolvable and the surface is therefore
unstable.
From now on we can assume that B, [v3] # 0 on 95 and so the solution of (42) is




From the Divergence Theorem applied to the position vector X and the constant vector Fs,

/quzSV—i—g.A, /ngSzA,
S S

and so "
.
dsS = —(z— = _
/Sgb S=3V+4+z4-(z a:z’BT[ug])A 3V + w7 B, 3]
Therefore 3y
-7
> _
/quds >0 > 7B (45)

If v5 > 0 holds, then from (43), B;[v3] < 0 holds. By using (43) and (45), we see that stability
occurs if and only if

Va2 xz' A
-V).
Rvs — T( 33 )
Then this case of the result follows since Vo = z2' A/(3|v3]).
When vz = 0, we get from (43) that B,[v3] = —1/Rz’ and and from (ii) of the proposition

A2 > 0. Therefore from (45), we get that stability occurs if and only if 32zV/RA > 7 holds.
Finally if v5 < 0 holds, then B, [v3] = 0 if and only if 7 = —2%2'/(Rv3) = 3V /(mRx). For this
value of 7, the surface is unstable for reasons discussed above. If 7 is larger than this value, then
B;[vs] > 0 holds and instability follows from (iii) of the proposition. If 7 is less than this value,
(45) and (iv) of the proposition imply that stability occurs if and only if
32V/(RA) VeV

T=1- 3usV/(22’ A)  wRx(Vo +V) '

Since this number is already less than Vo /(wRz), (41) is the necessary and sufficient condition for
stability. q.e.d

Using the notation of section 5, it is clear that if a Wulff shape W of product form is replaced by
the Wulff shape W having the same generating curve and circular cross sections, then the wetting
energy, line tension and volume all transform according to

A area(Q)Z7 A area(Q)Z’ Vo area(()

™ ™ ™

1%

From this we can deduce the following:

Theorem 8.2 Let S be a sessile drop which is a subset of a rescaling of a Wulff shape of product
form. Assume that 0 < 7 holds. Then S is stable if and only if

s VeV
< 46
= (area(Q)) mRx(Ve —o(vs)V)’ (46)
Remarks If S is in equilibrium for £ = F +wA + 7L, then RS, R € Rt is in equilibrium for

& =F+wA+ (RT)L. Since both sides of all of the conditions of the theorem rescale linearly, we
can conclude that S is a stable equilibrium for £ if and only if RS is a stable equilibrium for £’.

21



“* L

0.5 1.0 1.5

0
(/2)-©

Figure 6: Plot of 7"/V011/3 for Wulff shapes with energy density v = 1 + ev3. dotted < e = 0.4,
solid «» e = 0, dashed < e = —0.4. The Wulff shapes are shown on the right.

For a fixed value of the contact angle ©, we let 7(0) denote the maximum value of 7 for which
the sessile drop is stable. In Figure 8 we show the plot of the scale invariant quantity %/Voll/ 3
versus (7/2) — © for various functionals with densities of the form v = 1 + ev3.

Note that for © =~ 0 and for @/Vl/3 ~ 7, we have T =~ 0. The first case corresponds to a sessile
drop which consists of a small neighborhood of the north pole of W. If we think of this part of W
rescaled so as to contain a fixed volume, then on the boundary A >> £ holds. In this case if 7 is
too large, the drop diminishes its energy by spreading itself out over the plane as a large, nearly
flat shape. This means that a type of wetting transition, similar to that described in [18] occurs.

In the other limiting case © ~ 7, we have £ >> A. In this case, it 7 is too large, the drop can
diminish its energy by energy by detaching from the plane entirely (drying transition).

9 Other boundary configurations

We consider a functional whose Wulff shape W is of product type. Let Iy be a vertical plane which
passes through the origin and which intersects the («, 3) curve in a right angle. As before, let IIj
and IT; be horizontal planes. Then the part of the Wulff shape W bounded by I UIL; UIly is in
equilibrium for the functional &€ = F + wg.Ag + w1.A; among all surfaces having the same enclosed
volume and having free boundary on ITo UTI; UIly. Here w; := X |wnm, - (—1)i+1E3. Note that Iy
carries no wetting energy. To see that W is in equilibrium, note that along W N Ily,, the position
vector x is contained in the plane IIy and thus automatically satisfies the boundary condition
X - Ny = 0, where Ny is the normal to Iy, along this intersection. In face, by Winterbottom’s
Theorem, W is the absolute minimizer of £ for this boundary and the given volume.

We now consider a generalized anisotropic Delaunay surface ¥ for the functional F. Observe
that if we take a part of the surface ¥ which is in equilibrium for the functional £ and we take by
to be the part of ¥ on one side of ITy, then 3 is in equilibrium for £ among all surfaces containing
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Figure 7: Configuration with a vertical plane added.
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the same volume and having free boundary on IIy UTI; U Ily. Just note that at points of S NIy,
the vectors (o, 5') and Ny are parallel. The points on W where the normals are perpendicular to
Ny are exactly those points in W N IIy and thus x - Ny =0 on N IIy .

If we again assume that the tangent planes to 3 are nowhere horizontal, then again we need
only consider symmetric variations to analyze the stability. In order to do this, we need a minor
modification of the symmetrization argument given above.

If we make a deformation of our capillary surface 3 then we replace each level set of x3 of
the deformed surface by a homothety of the arc of («, 3) between the right angles. The scaling
factor is chosen so that the area is the same as the area of the level set of the deformed surface. An
application of the one dimensional case of Winterbottom’s Theorem shows that this symmetrization
diminishes the one dimensional energy of each level set and using a method similar to that given
above, one sees that the total energy of the surface is also diminished.

Similar results are valid if the surface is intersected by several vertical planes which are orthog-
onal to the curve (¢, ().

10 Appendix

Let X : ¥ — R? be a capillary anisotropic Delaunay surface. Here we will compute the second
variation of energy for symmetric variations. The point of departure is (4). The variation of the
first term is

5 //S CApdS = — /,: WIS (47)

where

T[] == by A .

is the Jacobi operator (11).

The boundary condition for the capillary problem implies that y + (—1)![w + 7A]E3 is perpen-
dicular to E5 on C;. This means that if we take the first variation of the line integral in (4), the
only non zero terms are given by

6X - (XL x0[x+ (-1)'[w+TAE3)] dL,
ox

since 60X and (6X)y, are also perpendicular to Ej.
We compute, 6x = Adv = A(=V + dv(€)). Using §X - E5 = 0, we have on 9%, £ - n =
—1(v3/n3)n . Therefore

Sx = —A(Vp + %n) (6 Xp)Adv(Xy). (48)

We will also need the first variation of the anisotropic curvature function A. This will first
be done assuming that the variation is symmetric. For a symmetric surface, A = 1/z; on C; and
therefore 6\; = —(dz;)/z2. Since

6X = (1) (¢ /n3)N + (60X - X)X, = dx(a, 3,0) = 6x(TN + DT , (49)

24



on C;, we get dx = (—1)*t1¢/T(N) and so

_ i ,

(Recall T is the support function of the one dimensional Wulff shape.) We then obtain
6X - (Xp x8[x+ (-1)'[w+TA|E3)] dL = 7{5)( (X x 6x)dL + (—1)1@-7{ (6X) 60X - (X x E3)dL
)

_ v _ 2
= —%5X~E3dL—Tlézx$n§F(N) dL
K [z

_ (v¢+—d())-E3dL—nf Y

n3 ox Tin3T(N)

0%

drL .

The second variation of energy is therefore given by

28 =— bu ‘ndL —T; v*
526 = /E¢J[¢]dz+f¢A(vw+ dv(n)) - n dL ézxndf(N)dL' (51)

A formula for non symmetic variations can also be obtained. We can obtain from (12) that for
a variation of a curve §C := fN + ¢T,

==+ Ly g = () + ),
m m
since A = constant on each boundary component by (9). The reason for the minus sign is that we
have chosen the opposite sign convention for the anisotropic curvature function A from that chosen

for A.
For the variations of the boundary curves that we are considering,

6X = (- )l+1 v N+ (6X - X1)XL,

SO

' 2
3= (- (- (D)l + 22 (52
Using this above, yields
20 _ Y3 Y1y K2
526 — f/ZwJ[w] a5 + fwA o+ () ndL 7§ () ) A (58)

It should be remarked that i is not independent of L, except in the case of circular cross
sections. The dependence is given by 1) = ¢ (s)P(s,t) where P is given by (30) and dt = (T'/x)dL.
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