Geometry and Stability of Bubbles with Gravity

MI1YUKI KOISO ¢ BENNETT PALMER

ABSTRACT. We study the variational theory of surfaces whose
mean curvature is prescribed to be a linear function of their height
above a horizontal plane (PMC surfaces). We develop a flux for-
mula and use it to prove nonexistence results for closed PMC
surfaces. The perturbation theory for PMC surfaces is studied.
We obtain necessary conditions for the stability of PMC surfaces
with planar boundaries. A height estimate is obtained for stable

PMC graphs.

1. INTRODUCTION

It is often said that surfaces with constant mean curvature serve as geometric mod-
els for bubbles; they minimize the surface tension of a homogeneous membrane,
subject to the constraint that the surface contains a fixed three dimensional vol-
ume. Of course, this is only true when other forces besides the surface tension are
neglected. In particular, if the force of gravity is considered as acting on the ma-
terial inside the bubble, then the mean curvature is no longer constant. Near the
surface of the earth, the Euler-Lagrange equation gives that the mean curvature is
a linear function of the vertical coordinate, that is

(11) H = kx3 + Hy,

where Kk and Hj are constants. For convenience, we will refer to immersed surfaces
satisfying (1.1) as prescribed mean curvature (PMC) surfaces. The equation (1.1)
can be derived from the variational principle

(1.2) 0(A+Gk) =0,
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where A is the area of the surface and G is the gravitational potential energy:
Gy := ZKJ x3dV,
v

where V denotes the volume inside the surface. In (1.2) we consider only varia-
tions which preserve the enclosed three dimensional volume.

The equation (1.1) has a long history beginning with the investigations of
Young and Laplace early in the 19th century concerning the height of a liquid in
a capillary tube. We refer the reader to the book of Finn [4] for background and
historical material. However, the equation (1.1) is usually considered with a free
boundary condition and/or for embedded surfaces. Here, we will be concerned
with PMC surfaces mostly with fixed boundary.

The paper is organized as follows.

In the second section, we will develop the basic ideas concerning the first and
the second variations for the functional A + Gy, and we will give basic notations.

In the third section, we study a version of the flux and/or balancing formulas
for PMC surfaces and apply them to derive some geometric properties of PMC
surfaces: We will prove that, except for CMC surfaces, there exist no closed PMC
surfaces with non zero volume (Corollary 3.5), and that the round spheres are the
only compact stable PMC surfaces without boundary (Theorem 3.7). It will be
proved that under certain assumptions on H and k, for any PMC surface bounded
by a circle with radius 7 in a horizontal plane, the absolute value of the mean
curvature at any boundary point is not greater than 1/7 (Corollary 3.9), which
was known only for disc-type surfaces with constant mean curvature (Heinz [5]).
Moreover, we will obtain a condition for an embedded PMC surface with planar
boundary to be contained in a halfspace determined by its boundary, and a con-
dition for an embedded PMC surface to have the same symmetry as its boundary.

In the fourth section, we apply the implicit function theorem to show that
under certain conditions on the spectrum of the Jacobi operator, we can deform
a given PMC surface to obtain a new one whose values of k and Hy are close to
those of the original surface. In particular, beginning with a CMC (constant mean
curvature) surface, we can produce many nearby PMC surfaces, for k = 0, having
the same boundary values.

Following this, in the fifth section we study the stability of PMC surfaces.
The stability of embedded PMC surfaces of revolution was studied intensively in
Wente [9]. We will investigate primarily embedded PMC surfaces with boundary
in a horizontal plane, and derive some information on each part of the considered
surface above or below that plane. Moreover, we will obtain a criterion of the
stability for PMC graphs.

In the sixth section we derive a height estimate for a strongly stable PMC
graph in terms of its “initial data.”

Finally, in the seventh section, we give numerical results which indicate the
necessity of some assumptions in the results of Section 3 and Section 6.
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Much of what is carried out in this paper goes through without difhiculty in
higher dimensions. Because of the connections with problems in mechanics, we
have chosen to concentrate on the two dimensional case.

In closing, we would like to thank the referee for the statement and proof of
Proposition 5.1.

2. PRELIMINARIES

Let = be a two dimensional orientable compact connected C* manifold (with or
without boundary). Consider a smooth immersion

X = (x1,%2,%x3) : & = R,

with Gauss map v = (v1,v2,v3) : = — §2. We assign to X the following three
functionals:

AX) := J az,
b
V(X) := J X3V3d2,
b
Gr(X) = KJ x3v;ds,
p

where dX is the area element of X induced by X. Then V(X) represents the
algebraic volume between the surface and the plane {x3 = 0}. G«(X) represents
the (gravitational) potential energy, where Kk is a constant which is determined
from the density change across the surface, the (constant) surface tension, and the
gravitational constant. When the orientation of the surface is chosen suitably, the
sign kK > 0 (resp. k < 0) is determined if the material inside the surface is denser
(resp. less dense) than the surrounding air. It may be natural that we only consider
surfaces for which x3 = 0 holds, otherwise this expression for G is not realistic.
For generality, however, we do not make any a priori restrictions on the region
containing the surface. It is also possible to consider more general potentials like

GelX) =k | _fxs)av,
where f is a smooth function.
Consider a smooth variation X : 3 — R? of X, with X; — X € C§°(2). Under

such a deformation, the first variations of the above quantities are given by

A'(0) = —ZJ, uHdas,

s
V'(0) = J udz,
s

G, (0) = 2KJ xX3uds,
s
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where u is the normal component of the variation vector field of X, that is,

o (%], )
&=0

o€
where (, ) denotes the usual Euclidean inner product. If we look for critical points
for the functional A + G« when only volume-preserving variations are allowed,
then we arrive at the necessary and sufficient condition for a critical point:

(21) H = kx3 + Hy,

where Hj is a constant.
Assume that a critical point has been found. The second variation of the

functional A + G for volume-preserving variations is derived by a standard way
(cf. Wente [9]) and we see that

(2.2) (A+Gm”m):—J;uAu+(mvP—2Kwnudz

where A is the Laplacian in the metric induced by X.
The formula (2.2) is understood also in the following way: Let us postulate
that the second variation is of the form:

(A+Go)"(0) = — Lu Llulds

and look for the form of the operator L.
Denote by {Ej, E», E3} the canonical orthonormal base in R:

E, =(1,0,0), E»=(0,1,0), E3=1(0,0,1).

Observe that translations in the E; and E, directions (but not the E3 direction)
are symmetries of the functional A + G«. Moreover, observe that rotation about a
vertical axis is also a symmetry. We can infer from this that:

(2.3) Llvi]=0, j=1,2
(2.4) Lly] =0, wherey :=(E3x X, V).

Recall that the tension field of the Gauss map can be related to the mean
curvature by
Av + |dv|*v = —=2VH,

where V denotes the covariant differentiation. Hence, in the present case we have

(2.5) AV + |dv|*v = —2kVx3 = =2k (E3 — v3V).
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Therefore, if L is defined by L[u] = Au + (|dv|?> — 2kv3)u, then (2.3) holds.
A computation also shows that, in general

AW + |dv|?y = =2(VH,E3 x X).
In the present case, this gives
Ay + |dV|2([J = —2k(E3 — v3V,E3 X X) = 2KV3,

so that (2.4) holds.
As for v3, from (2.5) we obtain the following formula:

(2.6) Llv;] = —2k.

Definition. Let X : = — R3 be a smooth immersion which satisfies the Euler-
Lagrange equation (2.1). The immersion will be called stable if,

(2.7) —J u(Au + (|dv|? = 2kv3)u)ds = 0
s
holds for all u € C°(2) such that
J uds = 0.
s

The immersion will be called szrongly stable if (2.7) holds for all u € Cg° ().

It follows by the standard estimate of the Rayleigh quotient that X is strongly
stable if and only if the first eigenvalue A1 (L, ) of the eigenvalue problem

Llul=-Au, ul,;=0, ueH}Z) -{0}

(the definition of the function space H& (2) will be given in Section 4) is nonneg-
ative.

Basic Notation.

(R?)[: closed half space = {x = (x1,x2,%x3) € R? | x3 > c}.

(R3); = {x eR3 | x5 <c}.

I1.: horizontal plane = {x € R? | x3 = c}.

W = closure of the point set W = W U 0W.

Du = (0u/0x1,0u/0x;) = gradient of the function u = u(x,x2) in a do-

main in R

For a PMC surface X : & — R3, we will adopt the following notation:

e Vu = the gradient of the function u : ¥ — R with respect to the Riemannian
metric in X induced by X.
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e VuVv = the inner product of Vu and Vv with respect to the metric in =
induced by X.

IVul|? = Vuvu.

Ai(L,X): the i-th eigenvalue of the eigenvalue problem

Llul = -Au, ul,z=0, ueHEZ) - {0}

for a linear operator L: Hé (Z) - L2(3).
A region will mean the union of a finite number of closed domains.

3. FLUX FORMULAS AND THEIR APPLICATIONS

One of the most important tools for dealing with surfaces of constant mean cur-
vature is the flux or balancing formula, which was first introduced for CMC sur-
faces in [7]. Here we will develop and apply analogous formulas in the case of
prescribed mean curvature. We will then apply them to obtain some geometric re-
sults for PMC surfaces: nonexistence of compact PMC surfaces without boundary,
volume estimates, estimate for the mean curvature, conditions for an embedded
PMC surface with planar boundary to be contained in a halfspace determined by
its boundary, and the condition for an embedded PMC surface to have the same
symmetry as its boundary.

Throughout this section, we assume that X : £ — R’ is a compact PMC
surface (with or without boundary) with mean curvature H = kx3 + Hy. We will
denote by n the exterior normal of X along 0.

Let us represent 0% as the union of a finite number of topological circles as
follows:

0= uU---Ul.

We attach topological discs Q; to X along I; and obtain a two dimensional compact
connected topological manifold

S=xu(Uw)

without boundary. We set Q = Ui, Q;.
When we consider the special case where X (0X) lies in the horizontal plane
I = {x3 = c}, we always assume the following condition:

Condition P Each restriction X|r, : I; — R3 of X to I is an embedding.

Denote by S; the closed domain of II. bounded by X (I3). We can extend
X : 3 — R3 continuously to X : 2 — R such that each X|g, is a diffeomorphism
of Qi onto S;. We extend the unit normal vector field v : 3 — S2 to v : 3 — §2
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such that the orientation of V is that which orients the cycle 3 =3UQ. Then, v
is a constant vector (0,0,1) or (0,0, —1) on each Q;. Fori € {1,...,m}, set

o [FL if v =(0,0,~1) on Q,
VU011, i 9 = 0,0, 1) on Q.

We denote by |S;| the area of S;. When 0X has only one component (i.e., 0% = T}),
we set
sgn(v) =sgn(v,1), S =3S5.

First we state a flux formula for general PMC surfaces.

Theorem 3.1. Let X : 3 — R3 be a compact PMC surface with mean curvature
H = kx3 + Hy. Then the following vector identity holds:

{ nds = 1} (2H + Hy) (X x dX) + 2kV (X)E3,
s 3 Jos

where V(X) = % J (X,Vv)dX is the algebraic volume of the cone-like region con-
s

structed by X and the origin of R3. In the special case where X(3%) C Il and
Condition P is satisfied, we see that

(3.1) jﬁaznds = (2Ho Y (sgn(v, 1)) ISi| + 2KV (X) ) E3.

i=1

Proof. Let (u,v) be local coordinates in X. Set
P = %(ZH +Hy)X XXy, Q= %(ZH + Hp) X X Xy,
and define a vector valued 1-form w as
w=Pdu+Qdv = é(ZH + Hp) (X x dX).

By using H = kx5 + Hy, we see

3(Qu — Py)
= 2Hu X X Xy + (2H + Ho) (X X Xy)u — 2Hy X X Xy — (2H + Hp) (X X Xu) v
= 2K(x3)uX X Xo — 2K(x3) v X X Xy + 2(2H + Ho) Xu X Xo,

from which we obtain

dw = (Qu — Py) du A dv = (ZHV - %Ko(,v)Es) ds.
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Denote by 0/0n the partial derivative with respect to n. Then, we see that

nds =§ (Zi) ds _J (AX) dS = 2j Hv ds

2K
= JZ (dw + ?<X,V)E3 dZ)
-1 if (2H + Hp) (X x dX) + 2KV (X)Es.
3 Jos

When X (0%) c I, by using the Green’s formula, we see that

§ (X xdX) = (2z(sgn(v l))|51|)

i=1

Therefore,

j( nds = M} (X x dX) + 2KV (X)E;
o3 3 o3

= (2Ho Y (sgn(v, 1)) ISi| + 2KV (X) ) E. .
i=1

Next, we pose a condition which is weaker than Condition P

Condition E. X : = — R can be extended to a continuous mapping X:3-
R3 such that each restriction X lo, 1 Qi = R3 is an immersion.

AUnder Condition E, we extend the unit normal vector fieldv :3 - S2 o
v : 3 — §2 such that the orientation of V orients the cycle £ = X U Q.
The following is a generalization of the balancing formula in [7].

Theorem 3.2. Let X : 3 — R3 be a compact PMC surface satisfying Condition
E, with mean curvature H = kx3 + Hy. Assume that H does not vanish at any point
in 3. Then, for any fixed vector v in R3, the following equality holds.

(3.2) ZJ (v, v)dQl—J (Zz)wv X)ds - j‘( ﬁw n) ds.

Proof. Let Xy, Y; be the variations of X, Xla, respectively, induced by the
parallel transform in the direction v. Then

d ~
0= 27| (VXD +V(Y)) = L(v,v>d2+f9<v,v>d9-
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Therefore,
m
zj <v,f»>d9i=J (v,f/)sz—J (v,v)ds
o1 Q >

1 1
—JZE<U,AX> a> = —JZ ﬁA(U,X}dZ

:J V(zb) V(v,X)ds - az%“gf)
:J V(zL) V(v,X)ds - § 2H<” was o

Corollary 3.3. Let X : (£,0%) — (R?, 1) be a compact PMC surface satisfying
Condition P with mean curvature H = kx5 + Hy. Assume that H does not vanish at
any point in 2. Then, the following formula holds.

(3 - (sgn(v,i)Isil - 1J S |VHPdS -

i=1

TR £Z<Es,n> ds,

where He := Kc + Ho, and the first term of the right hand side does not appear if
Kk =0.

Proof. By putting v = E3 in (3.2), we see

- > (sgn(v,1))|Sl

i=1

_Zj <E3,v>dSl—J (ZL)szdz j‘( —(Es,mds

2 J (KX3 +H0) Vs az - 2H, } (E3,7’l> ds

1 1
=5 LV <KXs+Ho) V(kx3 + Hy) d> — 7j£ (E3,n)ds
e N B o §
2k ,L (kx3 + Hy)?2 |V (kx3 + Ho) |~ dX 2H, (E3,m)ds. O

Remark 3.4. Later we will give a sufficient condition for H to have a definite

sign (Corollary 5.3, Theorem 5.7).
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From the flux formulas (3.1) and (3.3), we immediately get the following
nonexistence theorem for compact PMC surfaces without boundary.

Corollary 3.5. Let X : £ — R? be a compact PMC surface with mean curvature
H = kx3+Ho, K + 0. If 0 = &, then both of the following (i) and (ii) are satisfied.
(1) V(X)=0.
(ii) H changes its sign in 3.
Hence, in particular, there exists no compact embedded PMC surface with k # 0
without boundary in R3.

Remark 3.6. As for the last statement of Corollary 3.5, it is obtained easily
by using the Divergence Theorem.

Moreover, by using Corollary 3.5, we obtain the following result.

Theorem 3.7. The only compact stable PMC surfaces without boundary in R3
are round spheres.

Proof Let X : = — R’ be a compact stable PMC surface with mean curvature
H = kx3+Hy. Assume that 02 = &. Since the only compact stable CMC surfaces
without boundary in R3 are round spheres (Barbosa-do Carmo [2]; see also Wente
[10]), it is sufficient for us to prove that k = 0.

Suppose that k # 0. Then, by Corollary 3.5, we see that

V(X) = 0.

Set @ := (X, V). Then, from V(X) = 0 and 0% = @, we have
(3.4) L @ ds =3V (X) = 0.

Moreover, we claim the following equality.
(3.5) Ll@]l:= Ap + (|dv|* - 2kv3)@ = —2H — 2KXx3.
In fact, by using (2.5), we have

AP = (AX,V) + (X,Av) + 2> Vx;Vv;

1

= (2HV, V) + (X, —|dv |’V — 2k (E3 — v3V)) — 4H
= —2H - 2kx3 — |dV]*@ + 2KV3 .

On the other hand, the following formula is known as a Minkovski integral for-
mula.

(3.6) L(H(p 1) ds = o.
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By the stability of X, (3.4), (3.5), and (3.6), we observe that

0< —L(pL[(p]dZ
= J @ (2H + 2kx3) d> = 2J @(2H — Hy) d>
b b

=4J H(de—zHoJ Qd = —4J az <0,
s s s

which is a contradiction. O

The following volume formula is derived from flux formulas (3.1) and (3.3) by a
simple calculation.

Corollary 3.8. Suppose the same assumption as in Corollary 3.3 holds. If k # 0,
then the following equality holds:

2V, = 2 Zm|VH| dZ=—HCJ as

s (kx3 +Hp)?

where Ve := V(X) — ¢ 3™ (sgn(v, 1)) |Si| is the algebraic volume of X : & — R3.
g 4

In the rest of this section, we will investigate the case where

(3.7) K > (sgn(v,1))[Si| <0
i=1

holds. In the final section, we will give numerical results which indicate that our
results need not hold without the assumption (3.7).

By using the balancing formula (3.3), we observe the following estimate for
the mean curvature which was known for disc-type surfaces with constant mean
curvature ([5]).

Corollary 3.9. Suppose the same assumption as in Corollary 3.3 holds. Assume
further that m = 1, and X (0X) is a circle with radius v. If (sgnv)k < 0, then

|H.| < —, H¢:=kc + Hy.

S| —=

Proof. When k # 0, from (3.3), we observe that

—K§ (E3z,n)ds
|Hc| = 0% 1 <
_ L 2
2(sgnv)k|S| + L HZIVHI ax
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§|<Ea,n>|ds §l-ds 1
0 0> _

< .
21S| 2112 r

When k = 0, again from (3.3), we see that

f/ (E3,n)ds
B -

1
IHel = 2(sgnv) S| r =

Next we will consider conditions for a compact PMC surface X : (,0%) —
(R3,T1;) to be contained in a halfspace determined by I1.. First we state a lemma.

Lemma 3.10. Suppose the same assumption as in Corollary 3.3 holds and 0% #
D. Assume further that (E3, ) has a definite sign on 0%, and

K > (sgn(v,1))[Si] < 0.
i=1
Then, if k # 0,

(3.8) kH:(E;,n) <0

holds. If k = 0, then

m
(3.9) Hc(E3,n) > (sgn(v,1))]Si| > 0
i=1
holds.
Proof: When k # 0, from (3.3), we see that

_ZKHC 1 i|VH|2dz

(_KZ(sgn(V,i))|5i|+2 s H2 )

§ (Ez,n)ds =
o= i=1
Therefore, we have

K
ZHC

< . 1( 1 5
fazws,n) ds =k > (sgn(v,1)]Si| - 3 L 7z | VHI?dS

i=1

<Kk Y (sgn(v,1))1Si| <0,

i=1

which implies (3.8).
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When k = 0, again from (3.3),
m
ﬁzwg,m ds = 2H, S (sgn(v,)Si],
i=1

which implies (3.9). O
The following is a generalization of Theorem 1 in [3].

Proposition 3.11. Let X : (2,0%) — (R?11) be a compact embedded PMC
surface with mean curvature H = kx3 + Hy. Assume that X (0%) is a convex curve.
Assume further that H has a definite sign in %, (E3, n) has a definite sign on 0%, and
(sgnV)Kk < 0 holds. Then X (X) is contained in either (R or (R3);.

Proof. We may assume, without loss of generality, that H < 0 holds on 2.
We will prove the result under the assumption that k < 0 holds. A similar proof
works also in the case that k > 0.

When k < 0, from the assumption, sgnv = 1 holds. When k = 0, by taking
the symmetry of the surface with respect to the plane I1. if necessary, we may
assume that sgn v = 1 holds. Therefore, by Lemma 3.10,

(E3,m) <0 onoZ,

and hence X (= — 0%) is contained in {x € R3 | x3 > ¢} near the boundary.

It is proved that the whole X (= — 0X) is contained in {x € R3 | x3 > ¢} by
using the balancing formula (3.3) and the Alexandrov reflection methods. Since
the proof is similar to the proof of Theorem 1 in [3], we will give only its outline.

Set M = X(X) and C = X(0%). Denote by M; the closure of the connected
component of M — (M NTI.) which contains C. Denote by Ext(S) the exterior of
S in I, and by Int(S) the interior of § in Il¢; here S is the closed domain of T1,
bounded by C.

First assume that M N Ext(S) = @ and M N Int(S) # &. Then it is clear that
Mn {x € R?| x3 <c} # D. For, otherwise, H > 0 at each point in M N Int(S),
which is a contradiction. Now, denote by S; the subregion of § with 05, = 0M;.
By applying the balancing formula (3.3) to M and Mj, in case k # 0, we observe
that

-1 1 2
[S1] + 2% H2|VH| dax
1 j‘( 1
= Ez,n)yds > — E;,n)ds
3L aM1< 3, M) 3. 8M< 3, M)
=S|+ Tx JMHZIVHI az > |S;| + 2% . H2IVHI az,

which is a contradiction. Also in case k = 0, a similar argument yields a contra-
diction. Therefore, if M N Ext(S) = @, then M N Int(S) = D.
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Next we will prove that M; N Ext(S) = &. Assume that M; N Ext(S) # &.
We will derive a contradiction by using the Alexandrov reflection methods. For
simplicity, we assume that the straight line {(a, x2,¢) | x, € R} C Il is tangent
to C and

(310) M]ﬂEXt(S)ﬂ{(Xl,Xz,C) |X1 >a}#@.

Consider a family P(t) = {x € R? | x; = t} of parallel vertical planes. Assume
that

(311) P(t)ﬂMl =0 forallt>t0,
and
(3.12) P(ty) N M, + @.

For t < ty, we denote by M (t) the reflection of M;(t) := {x € M; | x; >
t} with respect to P(t). Denote by D;(t) the bounded domain bounded by

M (t) U M, (t) U Ext(S). Set
t = inf{t | D](t) NM; = @}

We have the following two cases:

(I) M, (t;) touches M;.

(I) M (t)) N C + @.
In the case (I), by using the Alexandrov reflection methods, we see that P(t;) is
a plane of symmetry of M;, which is a contradiction. So we assume the case (II).
Let Q € M (t;) be a point such that its reflection Q(t;) with respect to P(t)
is contained in C. Denote by p the connected component of M; N I1. which
contains Q. Since the mean curvature H does not vanish at any point in M, the
mean curvature vector along C U p points into D1 (t;) NI, in particular, along
C. Therefore, from v = (0,0,—1) on S, we see that H. > 0, which contradicts
the assumption.

Now, let us prove that M N Ext(S) = @ by using a similar method to the
above. Assume that M N Ext(S) # &. We may assume that the straight line
{(a,x2,¢) | x, € R} C Il is tangent to C and (3.10), (3.11), (3.12) hold for M
instead of M;. Denote by M (t) the reflection of M(t) := {x € M | x; > t} with
respect to P(t), and by D(t) the bounded domain bounded by M (t) U M(t). Set

t, =inf{t | D(t) "M = J}.
Then, M(t,) touches M, and, again by using the Alexandrov reflection methods,

we see that P(t;) is a plane of symmetry of M, which is a contradiction.
Consequently, M — C C {x € R3 | x3 > ¢} holds. O
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By using Proposition 3.11 and the Alexandrov reflection methods, we observe the
following result.

Proposition 3.12. Suppose the same assumption as in Proposition 3.11 holds.
Assume further that X (0X) is symmetric with respect to some plane P which is perpen-
dicular to . Then, X () is contained in either (R3) ¥ or (R?):, and it is symmetric
with respect to the plane P. In the special case where X (0X) is a round circle, X () is
a surface of revolution contained in either (R3){ or (R?);.

4. DEFORMATIONS

In this section, we give sufficient conditions under which a PMC surface has a
uniquely determined PMC deformation fixing the boundary. Our results also give
a geometric example of bifurcation with two bifurcation parameters. Theorems
4.1, 4.2 below are generalizations of Theorems 1.1, 1.2 in [0], respectively.

Let ¢ be a constant with 0 < & < 1, and let X : & — R be a compact C>*¢
immersion whose mean curvature H satisfies

H = kox3 + hyg

for some constants Kg, hg.

Denote by L?(X) the usual Hilbert space completion of C*(X) with respect
to the norm defined by the inner product

(u,v)2 = J uv d3,
3

and denote by H| (2) the completion of C§°(2) with respect to the norm defined
by the inner product

(u,v)gm = L(uv + Vuvv)d3.

We define a linear operator L : H} (2) — L*(X) as
Llul = Au + (|dv|* = 2kov3)u,
and consider the following eigenvalue problem:
(4.1) Llul = -Au, ul,s=0, ue€HE)-{0}.

It will be proved that the following deformation theorem holds for the case
where (4.1) does not have zero as an eigenvalue.
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Theorvem 4.1. Let X € C3+%(Z, R3) be an immersion whose mean curvature H
satisfies
H = kox3 + hy,

for some constants Ko, ho, and v : = — S? be its Gauss map. Assume that the
eigenvalue problem (4.1) does not have zero as an eigenvalue. Then, there exist a
neighborhood W = Wy x Wy of (Ko, ho) in R* and a unique C' mapping @ : W —
Cg“"(Z) such that @ (Ko, hg) = 0 and each

Y:=X+@(k,h)yv, (kh)ew,

is a C*** immersion of < into R3 with mean curvature K y3 + h. Moreover, in a small
neighborhood of X in C***(Z, R?), there exist no other PMC surfaces (modulo C**%
diffeomorphisms of %) with the same boundary values as X. Furthermore, ® (Ko, *) :
Wy — C3T(X) is injective for any fixed ko, while, for each ho, @ (x,ho) : Wi —
C3+(2) is injective if and only if x5 is not identically zero. @ itself is injective if and
only if x3 is not constant.

When the problem (4.1) has zero eigenvalues, denote by E the eigenspace of
zero eigenvalues, and by E* its orthogonal complement in L?(X). The following
deformation theorems will be proven.

Theorem 4.2. Let X € C3*%(Z, R3) be an immersion whose mean curvature H
satisfies
H = KoX3 + I’Lo,

for some constants Ko, ho, and v : = — S? be its Gauss map. Assume that the

dimension of E is one, and that J e d3. does not vanish for any eigenfunction e in E.

s
Then, there exist a neighborhood Q = Q1 X Q) of (0, ko) in E X R and a unique C!
mapping P = (v, h) : Q — (CFT*NE*) xR such that ¢ (0, ko) = (0, ho) and each

Y =X+Wum+vu,k)v, (u,k)eqQ,

is a CTH jmmersion of 3 into R3 with mean curvature Kk y3 + h(u, k). Moreover, in
a small neighborhood of X in C***(Z, R3), there exist no other PMC surfaces (modulo
C?+ diffeomorphisms of £) with the same boundary values as X.

Remark 4.3. When 0 is the first eigenvalue of (4.1), the assumption in The-
orem 4.2 is satisfied.

Remark 4.4. The function h(%*, ko) : Q1 — R in Theorem 4.2 is not nec-
essarily injective. In fact, each hemisphere gives an example such that h(, ko) is
not injective. This is seen from Corollary 3.9.

Theorem 4.5. Let X € C3*%(Z, R3) be an immersion whose mean curvature H
satisfies
H = KoX3 + I’Lo,
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for some constants Ko, ho, and v : = — S? be its Gauss map. Assume that the

dimension of E is one, and thﬂtj x3e d3 does not vanish for any eigenfunction e in

s
E. Then, there exist a neighborhood U = Uy x U, of (0, ho) in E X R and a unique
C! mapping @ = (v, k) : U — (CF** N E*) X R such that (0, ho) = (0, ko) and
each
Y: =X+ wm+v(uh))v, (uh)elU,

is a C* fmmersion of = into R3 with mean curvature k (w, h) y3 + h. Moreover, in
a small neighborhood of X in C 2+0(3 R3), there exist no other PMC surfaces (modulo
C>+ diffeomorphisms of ) with the same boundary values as X.

Remark 4.6. When x3 > 0, x3 is not identically zero, and 0 is the first
eigenvalue, the assumption in Theorem 4.5 is satisfied.

Remark 4.7. 1f (A + G«)"” > 0 for all nontrivial volume-preserving varia-
tion (i.e., —J ul[ulds > 0 forall u € Cy°(X) — {0} such that J ud> = 0),

then, by a standard method, we see that the second eigenvalue of (4.1) is positive.
Therefore, in this case, by virtue of Theorems 4.1, 4.2, and 4.5, X has a PMC
deformation fixing the boundary.

Before proving Theorems 4.1, 4.2 and 4.5, we state the following lemma,
which is verified by using the Riesz-Schauder alternative theorem and the regular-
ity theorem for solutions of strictly elliptic partial differential equations.

Lemma 4.8. Let A be a real number.
(a) Assume that X is not an eigenvalue of (4.1). Then, for any function f €
L%(X), the equation
Au-—-Llul=f

has a uniquely determined solution u Hé(Z). Moreover, if f € C*(X), then the
solution w is in C3T%(2).
(b) Assume that A is an eigenvalue of (4.1). Then, for each function f € L*(X),

the equation
Au-—-Llul=f

has a solution u € H& (%) if and only if

LfedZ =0,

for all eigenfunctions e belonging to N. Moreover, if f € C*(X), then the solution u
is in CaT¥(2).

Now let us begin to prove Theorems 4.1, 4.2, and 4.5.

Choose a neighborhood V of 0 in C3**(X) so that, for anyu eV, X+uv:

3 — R3 is an immersion. For each u € V, denote by Hy and v, the mean
curvature and the Gauss map of X + uv, respectively.
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Define a mapping ® : V x R? — C*(Z) by
®(u,c,p) = 2((c + ko) (x3 + uvs) + p + ho — Hy).

Then ®(0,0,0) = 0. An immersion Y := X + uv is a PMC surface (i.e., H, =
Ky3 + h for some constants K, h) if and only if

®(u,c,u) =0

for some ¢, u € R.
®(u, c, u) is Fréchet differentiable, and

D e n®(0,0,0)(u,c, 1) = 2(cx3 + u) — L[u]
for (u,c,p) € C3*(2) x R2. Set
F := Dy ®(0,0,0) : CZH¥(Z) x R? — CX(2).
Then,
KerF = {(u,c,p) € C3*™(Z) x R? | L[u] = 2(cx3 + p)}.

Proof of Theorem 4.1. We will apply the implicit mapping theorem to ®. By
virtue of Lemma 4.8 (a), for each f € C%(X), there exists a unique function
ure C3"*(X) such that Lluyg]l = —f. Defineamap P : C*(X) — C3*(2) x R?
as

P(f) = (uys,0,0).

Then, P is linear and
FoP = idctx(z).

Let us consider Ker F and P(C%(X)). Again by Lemma 4.8 (a), for each (c,u) €
R?, there exists a unique function u(c, y) € Cg“"(Z) such that

Llu(c,pu)] = 2(cx3 + ).

Therefore,
KerF = {(u(c,p),c,p) | (c,u) € R?},

which is diffeomorphic to R? by the map: (u(c,u),c,p) — (c, ). On the other
hand, by definition,

P(CY(2)) = C§T™(2) x {0} x {0}.
Now let us apply the implicit mapping theorem to ®. First we observe that

C} () x R? = KerF @ P(C*(X)),



Geometry and Stability of Bubbles with Gravity 83

where @ denotes the direct sum. By regarding ® as a mapping
®:KerF @ P(C*(2)) — CX(3),

the equation ®(&;,&2) = 0 (§; € KerF, & € P(C%(X))) is solvable with respect
to &, in a neighborhood of (&1, &2) = (0,0), which implies the existence of the
mapping @ stated in Theorem 4.1.
The statement on the nonexistence follows from the fact that any immersion
Y in a small neighborhood of X in C?27%*(Z, R?) with Y |35 = X|s5 is represented as
YoT = X+uv, where 7 : 3 — Jisa C>*® diffeomorphism of X and u € C3*%(X).
In order to get the condition for injectivity of @, let us assume that

@ (K1, h1) = (K2, hy).

Set
Y. =X+ (D(Kl, hl)V =X+ (D(Kz,hz)v.
Then,
Ki1y3 + h, = H(P(Kl,”ll) = H@(szhz) = K2)y3 + h,.
Therefore,
(4.2) (K1 = Kk2)y3 + (h1 —hy) = 0.

Let us divide the situation into two cases:

(I) x3 is not identically constant.
(IT) x3 is identically constant.

In case (I), by taking a small neighborhood of X, we may assume that y3 is not
identically constant. Therefore, from (4.2), we see that k; = k; and h; = hay,
which implies the injectivity of @. In case (II), let x3 = a. Then we see that
@(k,—ak) =0 forall Kk € R.

As for the injectivity of @ (Ko, *) and @ (*,ho), we can prove the desired
results by similar ways to the above. O

Proof of Theorem 4.2. Let us choose an eigenfunction ey € E such as

J e()2 ax = 1.
s
Since dimE = 1, E is represented as
E = {aey | a € R}.

For any ¢ € R, set
c J x3epdX
s

p(c) = —
J eodZ
b3
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Then, for each ¢ € R, there exists a unique function v, € E* N C§+°‘(Z) such
that
Llv.] = 2(cx;5 + u(c)).

In fact, in view of Lemma 4.8 (b), there exists a function u € C3**(X) such that
Llu] = 2(cx3 + u(c)).

Set
vV=u- (Lueodz)eo.

Then, v € E* n C3"*(X) and

(4.3) Llv] =2(cx3 + u(c)).

The uniqueness of v € E* N Cg“x(Z) satisfying (4.3) is clear.
So we get the following expression of Ker F.

KerF = {(aeg + ve,c,u(c)) | (a,c) € R}
Let us define a mapping P : C*(X) — C§+“(Z) x R2. For each f € CX(Z), set

uy = :
2J eodZ
b

Then, by a similar way to the above, we see that there exists a unique function
ur e E+tn C3"*(X) such that

Llug]l =2up - f.

Set
P(f) = (uy,0,up).

Then, P : C¥(Z) — Cg“x(Z) x R? is linear, and
FoP = id(jzx(z).

We claim
P(CX(X)) = (E* n C3T™(2)) x {0} x R.

In fact, forany u € E* N Cg”‘(Z) and 4 € R, by setting f = 2u — L[u], we get
P(f) = (u,0,p).
Therefore, by applying the implicit mapping theorem to ®, the equation

®(&1,8) =0, & €KerF, & € P(C¥(X)),

is solvable with respect to &, near (0,0). Hence, we obtain the desired result by a
similar way to the proof of Theorem 4.1. O



Geometry and Stability of Bubbles with Gravity 85

Proof of Theorem 4.5. The proof can be achieved by a similar way to the
proof of Theorem 4.2. O

5. STABILITY

We will investigate to what extent a stable PMC surface with boundary in a plane
must lie on one side of the plane. Consider a cylinder of height ¢ and radius R. If
we consider the top of the cylinder as a PMC surface with v3k < 0 as in Example
5.2, then we see that if R is sufficiently large, the disc S(R) is unstable. If we
assume that a minimizer for the functional A + G, exists with the volume fixed at
TTR?¢c, then clearly this surface cannot lie on one side of IT.. On the other hand,
if R is sufficiently small, then A;(L,S(R)) > 0. In this case, S(R) has a uniquely
determined PMC deformation fixing the boundary (Theorems 4.1, 4.2, and 4.5),
which is constructed by a two-parameter family of PMC surfaces (one-parameter
family if k is fixed). From Theorem 5.7 and Proposition 5.9 below, we see that
each of them must lie on one side of I1,.

We have already mentioned this subject in Section 3, where we treated only
the case where the PMC surface is assumed to be embedded and intersects with the
plane containing its boundary transversally. In this section, we turn our attention
to the stability of the surface and consider mainly embedded stable PMC surfaces.
Since we will treat only embedded surfaces, we will adopt an intuitively clearer
notation on the orientation of the considered surface than Section 3 when it is
more convenient. However, we should always note that our variational problem is
divided essentially into three cases. For embedded surfaces bounded by a Jordan
curve in a horizontal plane, these three cases are represented as follows: (sgnv)k <
0, (sgnv)k > 0, and (sgnv)k = 0 in the notation defined in Section 3.

First we will investigate the stability of PMC graphs. After that, we will con-
sider general compact embedded PMC surfaces with boundary in a horizontal
plane. Let I, denote the horizontal plane {x3 = c} as in Section 3.

Define the energy of an immersed surface by

E(X) = A(X) + G¢(X) + 2HoV (X).

The following proposition and its proof were supplied by the referee. It is based
on a calibration type argument of Schwarz, which can be used to show that a
minimal graph over a convex domain is absolutely area minimizing with respect
to its boundary.

Proposition 5.1. Let X : Q — R?, (x,y) — (x,y,u(x,y)) be a compact
PMC graph with H = kx3 + Hy defined on a horizontal region Q C R?. Assume that
V3K = 0 holds. Let Q1 be an abstract oriented surface such that there exists a smooth
homeomorphism @ : 0Qy — 0K, and let Y : Q1 — R> be any other immersion such
that

e Xo@ =Y on0Q)y,
e Y(01) cQOXR,
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o the immersion obtained by glueing X to Y along the boundaries of their respective
domains via Q gives the oriented boundary of an oriented 3-chain U.

Then,
(5.1) E(X) <E(Y),

and consequently X is strongly stable.

Proof- 1f the surface is given as a graph X (x,y) = (x,y,u(x,¥)), (x,¥y) €
Q, then the upward pointing normal is (1+[Du|?)"1/2(~Du, 1). We may assume
that v(x,y) = (1 + |[Du|?)"Y/2(-Du, 1), without loss of generality. In this case
v3 = 0 holds, and so k > 0 holds. We define a field V(x, v, z) = v(x, ) on the
cylinder Q x R. Note that on this cylinder,

Divgs vV = — Divge Du = —2Hs = —2(ku + Hy).

Therefore, the field

e

F:=v+ (KX% + 2Hyx3)E3

satisfies .
Divgs F = 2K(x3 — u),

on the cylinder.

Let Y be another immersion as in the statement of the proposition. We let N
be the unit normal field along Y consistent with its orientation. We have by the
Divergence Theorem,

Lj 2k(x3 —u)dU = L)(F”, v)ydSy — JQ] (F,N)d=y

—E(X) - (JQ (V. N} dSy + GK(Y) + 2H0V(Y)>
> E(X) — E(Y),

by the Cauchy-Schwarz inequality. Here dU = +dx; dx; dx3 on each positively
oriented component of the chain U, i.e., on each component for which v points
out of the component, while dU = —dx dx, dx3 on each negatively oriented
component. Because Y () is contained in the cylinder, we have that on the pos-
itively oriented components u(x,y) = x3 holds, and for the negatively oriented
components, we have u(x, ) < x3. Therefore, the integral on the left above is
nonpositive for k > 0 and (5.1) holds.

For w € C5°(Q), consider the variation X = X + ewv. It can be checked
that

agsE(Xg)g:O = — J’g2 ’LUL[’LU] dZ,

and so the energy minimizing property implies strong stability. O
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Example 5.2. When v3;k < 0 holds, the result is no longer true. In fact, a
graph with v3k < 0 may not even be stable in the usual sense that the second
variation is non negative for volume preserving variations which vanish on the
boundary. We give the following simple but important example.

Let S be a relatively compact domain in the plane x3 = ¢. We can consider
S as a PMC surface with H = k¢ + Hy, where K is an arbitrary constant and
Hy := —kc. Choose the unit normal v = (0,0, 1). It is then clear that S will be
unstable if for some function € € C;°(S) with

Js Cd’x =0,

we have

J DT + 2kC2 dx < 0,
S

where d?x := dx; A dx;. This will hold, for example, if kK < 0 and A2(A,S) <
—2k hold. In particular, if S contains a disc of radius R > 1/14.682/(-2k), a well

known monotonicity principle for eigenvalues implies that S is unstable (cf. [1]).

Corollary 5.3. Let X : (£,0%) — (R3,I1.) be a compact PMC graph with
mean curvature H = kx3 + Hy. Assume that X (X) is not a planar region. Then the
Jollowing (1) and (11) hold, where we write 3. instead of X ().

L. Suppose that vk = 0 holds. Then,

(i) X is strongly stable,
(i) H has a definite sign on 3, and X is contained in either (R or (R3);.

I1. Suppose that vik < 0 holds. Then, the following (i) and (ii) hold.
() If X is strongly stable, then H has a definite sign on =, and 3 is contained in
either (R3){ or (R3);.
(ii) Suppose that X is stable and not strongly stable. If neither of = N (R3)Z is empty,
then either
(@ AM(LEN(RHF) =0, A(L,EN(R?)Z) <0, He <0, and 0 # |VF]| <

VI | hold, or

b) A (L,EN (RHZ) =0, A (LN (R)F) <0, He > 0, and 0 # |V7| <
I\VF| hold,

where |V | is the usual volume of the compact region bounded by (XN (RHF) U

..

Remark 5.4. Cases (I), (II) of Corollary 5.3 are exactly the cases (sgnv)k >
0, (sgnv)k < 0, respectively.

Corollary 5.3 1(i) follows from Proposition 5.1 above. The other parts of
Corollary 5.3 follow from Theorem 5.7 below, which is a result for general com-
pact embedded PMC surfaces with boundary in a horizontal plane.

Moreover, on the stability in case II of Corollary 5.3, we will obtain the fol-
lowing:
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Theorem 5.5. Let X : = — R be a PMC graph defined on a compact region
S C Ilc. Suppose that the mean curvature Hs of X satisfies

Hs = KX3 + Hy
on X and consider S as a PMC surface with mean curvature
0=Hg = Kc + (Hg)g := KC + (—KC).

Then, if S is unstable, X is also unstable. Similarly, if' S is not strongly stable, neither
is X.

Remark 5.6. In Theorem 5.5 we do not assume that X lies on one side of I,
or that the graph has its boundary in Il. In fact, the parameter ¢ plays no part in
the result, the instability of S is characterized by the inequality (5.2) below.

Proof of Theorem 5.5. Let us choose the unit normal v of any graph such that
v3 > 0. Assume that S is not stable. Then, k must be negative by Proposition 5.1,
and we can find f € C§°(S) with

J fd’x =0

S

and

(5.2) L IDf|? + 2k f>d*x < 0.

Let = be the graph of a function w. Then v3 = (1 + [Dw|?)"1/2, d3 =
v;ldzx, and so

0= Lfdzx _ L Fvs(vs)ld2x = Lfv3 ds.

However,

—J fv3L[fv3]dZ:J VSZIVfIZdZ—J fPvsL[v3]ds
3 3 >
_ 2 2 2
—J V3|V £l dZ+LZKf v3dX
>
:J v3|VFI12+ 2k f*d>x
S

sj IDf1? + 2k f2d*x <0
s

since |[Df1? = |V f1?> + (Df, (vi,v2))? = |Vf]? = v3|V f|%. O
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Now let us consider a more general case. We will consider a compact smooth
embedded PMC surface X : ¥ — R3, with mean curvature H = kx3 + Hg. We
will denote X (X) also by X.
When 0% C I1. but X is not a planar region, we adopt the following notation:
Set
S-Il,=21U---U2,

where each Z; is a connected component of £ — I1.. Let us denote by S; the (not
necessarily connected) region in Il; such that 0S; = 0%; and that 3; U S; forms
a two dimensional compact connected topological manifold without boundary.
Denote by U; the bounded domain in R3 bounded by 3; U S;. Set

+1, if3; C (R3)f,
sgnl; =
—-1, if3; Cc(R3);.

Extend the unit normal vector field vls, : ; — S? to v; : Z; U S; — S? in the
natural manner, and set

+1, 1fvl’51 = (0,01_1)1
sgnvi =
-1, ifvilg = (0,0,1).

By renumbering X; if necessary, we can set the following:

{
Sh= U{Z_l | sgnX; -sgnv; =1} = UZ_l,

i=1

k
3. = U{Z_l | sgn; - sgnv; = -1} = U 3.
i=0+1

See Figure 5.1.
It is possible that one of =7 is empty. Set

L k
ur=Ju, U= |J U
i=1 i=0+1

We will denote by |Uz| the volume of U in the usual Lebesgue measure.

Theorem 5.7. Let X : (2,0%) — (R3,I1.) be a compact embedded PMC surface
with mean curvature H = kx3 + Hy. Assume that X (X) is not a planar region. Then

the following (i) and (ii) hold.
(i) IfX is strongly stable, then H has a definite sign on X, and one of X7 is empty.
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I

N

FIGURE 5.1.

(ii) Suppose that X is stable and not strongly stable. If neither of 37 is empty, then
either
(@ A(L,2F) =0, A{(L,Z7) <0, Ho <0, 57 is connected and contained in
one of (R %, and 0 = |US | < |Ug | hold, or
(b) A(L,27) =0, A{(L,ZEF) <0, He > 0, = is connected and contained in
one 0f([R3)Ci, and 0 = (US| < |UF| hold.

Before we prove Theorem 5.7, we make a few observations.

Lemma 5.8. Let 3 be a compact embedded PMC surface with mean curvature
H = kx3 + Ho. Assume that 05 C Ilc and 3 is not a planar region. Then, the
Jollowing hold.
() If +x3 attains a local maximum at p = (p1,p2,p3) € {x(x3—-c) > 0} N3ZZ,
then +H(p) < 0 holds, that is, +(kp3; + Hy) < 0 holds.
(i) If£xj3 attains a local minimum arq = (q1,q2,q3) € {=(x3 —c) <0} N X7,
then +H(q) < 0 holds, that is, +(kq3 + Hy) < 0.

Proof. By assumption, v3(p) = 1 and v3(q) = —1. By using Ax3 < 0
(resp. Ax3 = 0) at the local interior maximum (resp. minimum) value of x3 and
Axs3 = 2Hv3, we arrive at the desired results. O

Proposition 5.9. Let 3 be a compact embedded PMC surface with mean curva-
ture H = kx3 + Ho. Assume that 03 C ¢ and 3 is not a planar region. Then, the
Jollowing (1)—(iii) hold.

(i) Ifk > 0, then at least one of ;' N {x3 > ¢} and . N {x3 < c} is empty.
Moreover, if neither of 3% is empty, then the following inequalities hold.

max{x3 | x € ¥} < max{x3 | x € 3},
min{x; | x € 3!} < min{x; | x € 3_}.
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(ii) Ifk < O, then at least one of ; N {x3 < ¢} and . N {x3 > c} is empty.

Moreover, if neither of 3% is empty, then the following inequalities hold.

max{x3 | x € 37} > max{x3 | x € 3.},

min{x; | x € 3}} > min{x3 | x € 3_}.

(iii) Ifk =0, then3f = @ or3; = .

Proof. Assume that neither of = N {x3 > ¢} and =7 N {x3 < ¢} is empty.
Then, by Lemma 5.8, we see that kp) + Hy < 0 < kp§ + Hy. Therefore, if
Kk > 0, then we get p} < pi. On the other hand, p} > ¢ and p§ < ¢, which is a
contradiction. So we have proved the first half of (i). The second half of (i) is also

observed easily by using Lemma 5.8.
The proof of (ii) is similar to the proof of (i).

Note that H is not identically zero by assumption. In the case where k = 0, by
using Lemma 5.8, the condition that neither of £7 is empty leads to H = Hy = 0,

which is a contradiction.

Proof of Theorem 5.7. Let u := x3 — c. Using that

J 2Huv;ds = J uAu ds, = —j IVul?ds
>z >z SF

= —J viIVul?ds —J (1-v3)|Vul*ds,
hFs 5z

we have

(5.3a) - J uvsLluvs]ds J v3IVul? + 2kvsu? ds
st sE

C

(5.3b) —2H, J vsuds — J (1-v})|Vul?ds
sF S

(5.3¢) F2H |\UZ| —J (1-v})|Vul?ds.
st

We see from (5.3¢), that

(54) AI(LIZ;—) = 0 Ead HC < 0!
(5.5) A(L,E) =0 —= H.>0.
Next, set

_ u, inX}, 0, inX},
u = . u = .
0, mnZ;, - u, in3;.

O
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Assume that neither of X7 is empty. Define a constant o by
0= O'J uv3dZ+J uvsds = o|Uf| - |U; .
b s

Note that
(5.6) o= U 1/1US1.
For f € C5°(2), we have, with f = o1t + u, by using (5.3¢) and (5.0),

- L FvsLLfvs]ds

= —O'ZJ uvsLluvs1ds - J uvsLluvs]ds
hoa b

C

(5.7) =2H.(1-0)|U;| - 0? Jy(l —v)|Vul?ds - L?(l - v3)|Vul?ds.

If A1 (L,27) < 0 holds, then by a standard argument, the surface is unstable. From
(5.4) and (5.5), both of A;(L,X%) = 0 cannot hold. Returning to (5.3c), we see
that if He > 0 (resp. He < 0) holds, then multiple components of =} (resp.
>.) would yield disjoint subdomains on which the first eigenvalue of L is nega-
tive. These observations combined with (5.7) and Lemma 5.8 yield the desired
result. O

Theorem 5.7, combined with flux formula (3.1), gives an upper bound for the
volume above (or below) I1. of a certain class of strongly stable PMC surfaces,
depending only on the length of the boundary curve and the constant k.

Corollary 5.10. Let X : (2,05) — (R3,I1.) be a compact embedded PMC
surface with H = kx3 + Hy. Assume that X is strongly stable and contained in one
of (R3)Z. Assume further that (sgnv)k < 0 holds. Then, the following inequality

holds: 03]

20| > Vel
where |0X| is the length of X(0%), and V. := V(X) — ¢ >.;1Sil, that is, |V¢| is the
usual volume of the compact region bounded by 3 U .

Proof. 1t is sufficient to prove the result for the case where X is not a planar
region. We will only prove it on the case £ C (R?)}. The proof for the case
3 C (R3); is similar.

We will write V- = V(X). We may assume that sgnv; = 1 holds for all i,
without loss of generality. Then, k < 0 holds. By using the flux formula (3.1), we
observe that

ﬁ (E3,n)ds = 2Hy > |Si| + 2KV = 2(ck + Hp) >_ ISi| + 2K V.
b - -

1 1
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Note that ck + Hy < 0 by virtue of Theorem 5.7 (i). Since (E3,n) < 0 on 0%
and V; > 0 in the present case, we see that

jﬁaz (Es,n)| ds = ‘ﬂz“%’") ds = 2lck + Hol 315 + 21k |Vel.

1

Consequently, we have

f. e s e .
21k| = 2|kl

0< |Vl <

6. HEIGHT ESTIMATE
We will consider a smooth, embedded PMC surface

X:(3,0%) — (R3,11,),

with mean curvature H = kx3 + Hy. For any graph, we will choose the unit
normal v such that v3 > 0. We assume that k < 0 holds.

Theorem 6.1. (i) Let X : (2,0%) — (R3,I1.) be a compact embedded PMC
surface. Assume that X% is a strongly stable graph above the plane 11.. Then the
maximum height Wy over the plane 11 satisfies

03¢ | - 2|He|ISE] _ 2m | H w3,

©.1) —2K 3 —2Kkup + |He|’

where He := k¢ + Hy.

(i) IfZ; is a strongly stable graph below the plane 1., then, (6.1) holds, where
now U is interpreted as the maximum depth below the plane 11, and 0%}, S& are
replaced by 0%, S, respectively.

Remark 6.2. The proof is similar to the derivation of the height estimate for
CMC surfaces (cf. Sperb [8, Chap.11]).

We have seen above, that a PMC graph with k < 0 need not be stable (Exam-
ple 5.2).

In the following section, we will give numerical results which indicate that the
height estimate needs not hold without the hypothesis of strong stability.

Since [0SF| = |02/, the height estimate depends only on the “initial data,”
i.e., on S and the parameters k, Hy and c. For CMC surfaces, one can drop the
stronger of the two hypotheses that the surface is a graph and obtain, from (6.6)
below, that if £} is strongly stable, then
21T 3

?’M»M.

By considering a hemisphere, one can see that this is sharp.

Vel



94 MI1YUKI KOISO ¢» BENNETT PALMER

Proof of Theorem 6.1. We will only prove (i). The proof of (ii) is similar.
If A1 (L,Z}) = 0, we can use U := X3 — ¢ in the second variation formula to
obtain

(6.2) 0< —J ulLluldX = —2(kc + Ho) VS| — J ldv|*u? ds.
sF ¢

Note that
|dv|? = 2H? = 2|kc + Hy|?

holds, and that the first equality can only hold if the surface is totally umbilic, in
which case k = 0 holds. The second inequality above uses that k¢ + Hy < 0 holds
when A (L,Z}) = 0 holds (Theorem 5.7 or Corollary 5.3).

We estimate, using the coarea formula,

(6.3a) J ldv|*u?ds > 2(kc + HO)ZJ u*ds
hoa s

(63b) = 2(kc +H0)2J tzj |v—d3t dt,
=t

where ds; is the line element on the level set u = t. By Holder’s inequality and
the isoperimetric inequality, there holds

2 1
(64) 47TSt < (Ju:t dSt) < Ju:t W dSt . Ju:t [Vul dSt,

where S; is the area inside the curve u = t in the plane IT;;. By the flux formula

(3.1),

- Vu-ndst
u=t

J [IVu|dst
u=t

(6.5)

—J (E3,n)yds; = —2kVy — 2(k(t + ¢) + Hp)Sy,
=t

where V; is the volume over the plane Il.,;. Under the condition that =} is
strongly stable, we recall that k¢ + Hy < 0 holds. Under the assumption that =/
is a graph, we have

Vi = J uvs a> < MMJ V3 ax = UM St.
u=t

uxt

We therefore obtain from (6.4) and (6.5),

21T <J 1 ds
—2kupm — He = Ju=t |IVul a
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Using this and integrating in (6.3b) yields from (6.2)

2 Heluyy

+ _ ey
(6.6) Vi = 3 Tokuy I

Finally from flux formula (3.1), we see that
—} (E3,n)ds = =2k|VF| = 2(kc + Hy)|SF|,
st
so that we obtain |02} | = —2k|VF|—2H.|S |, which combined with (6.6) yields
|

the result.

7. CONCLUDING REMARKS AND EXAMPLES

We will consider an example of a certain PMC surface of revolution which will
indicate the necessity of several assumptions of Corollary 3.9, Lemma 3.10, Propo-
sitions 3.11, 3.12, and Theorem 6.1. We wish to emphasize that the results of this
section are numerical in nature.

Figure 7.1 shows the generating curve Cy of a rotationally symmetric PMC
surface whose mean curvature satisfies:

H = kx3 + Hy, K=-1, Hy = 0.4808.

Figure 7.2 gives a part of Cy.
We denote by C the curve in Figure 7.2, and by X the surface generated by C.
The curve C has a vertical tangent at

P = (p1,p3) = (0.62,2.45).
Also C appears to have a singularity at
Q = (q1,a3) = (0,1.9).

We remark that the unit normal v along the surface is chosen in such a way that
it points out from the rotation axis in Figure 7.2, that is,

v =(1,0)

at the vertical tangent P.
Now let us divide X into two parts

Z1:=3n{x32q3}, 2:=3In{x3<qgs3}.
First we consider 1 and observe the necessity of the assumption

(7.1) (sgnv)k <0
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FIGURE 7.1.

in Corollary 3.9, Lemma 3.10, and Propositions 3.11, 3.12.
Note that H < 0 holds at any point in X;.
In order to examine Corollary 3.9, we consider the part

le =31 N {Xg < }93}

of =;. Then,
sgnv = -1, (sgnv)k=1>0

holds. We observe
c=p3;~245 H.~-245+0.48=-1.97.
On the other hand,
r~0.62, 7r!=x~1.61<197=~|H..

Therefore, the conclusion of Corollary 3.9 does not hold.
Next, we consider the whole of ;. In this case also we have

sgnv =—1, (sgnv)k=1>0.

On the other hand,
(E3,n) <0, H(sgnv) >0

holds on the boundary, which implies that the conclusion of Lemma 3.10 does
not hold.
Moreover, 2 is not contained in either of the half spaces determined by its
boundary. Therefore, the conclusions of Propositions 3.11, 3.12 do not hold.
On the other hand, consider the surface generated by Co N {x3 < g3} and its
subregions bounded by a horizontal circle. Then, the inequality (7.1) is satisfied.
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0.5 1 1.5 2
FIGURE 7.2.

By examining appropriate subregions, we see the necessity of the condition that H
has a definite sign in Lemma 3.10, and Propositions 3.11, 3.12.

Next we consider X, and see the necessity of the condition that the considered
surface is strongly stable in Theorem 6.1.

Note that A; < 0 holds. In fact, since the normal is vertical on the boundary,
the functions v, j = 1, 2 are Jacobi fields which vanish on the boundary and
change sign in the interior.

We calculate the left and right hand sides of the height estimate (6.1) in The-

orem 6.1. Here we use
¢ =0, |0Z}| =4m, |H:| =0.4808, |S;| =4m, k= -1, uy ~ 1.9.

Then, the value of the left hand side of (6.1) is approximately 0.2413. On the
other hand, the value of the right hand side of (6.1) is approximately 1.6135.
This indicates that the height estimate (6.1) is not necessarily satisfied by a PMC
graph which is not strongly stable.
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