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The most important property of zero mean curvature surfaces
in Euclidean space is that they locally minimize area with
respect to their boundary curves.

The following theorem is proved using the method of
calibrations.

Theorem
(H. A. Schwarz, ~ 1860)

Let¥ c R® be a minimal surface which can be represented as
a graph over a convex domain. Then

ArealX] < Area[5],

for any sufficiently smooth surface with 0r = 0S.



Space-like immersion:
X : X" — M} = Lorentzian Manifold .

Variation:
Xe=X+¢€(0X)+ ...

'I;he first variation formula defines the mean curvature vector
Hel(LX):

JAIX] = —n/ H - 56X d¥ + boundary terms
px

Any space-like hypersurface M® — M with H = 0 in M? locally
maximizes area with respect to its boundary.



We now consider a space-like surface with H=0

¥2 5 R} = (R*, ax? + o3 + dx§ — dx?)
. Simplest example
Dr = {(x1,%2,0,0)| X2 + x& < r?}.
For f € Cg°(D) with |Vf| < 1in D, define
Tt = {(x1, %2, f(x1,%),0)| x{ + x5 < r’} CR® C Ry,

Yo = {(¥1,%2,0, f(x1,x2))| X2 + x5 < r?} C R} C R}.

We have

1—Vf2d2x§7rr2§/ 14+ |Vf|2 d?x,
/D,‘/ v BRI

and so
Area(X5) < Area(D,) < Area(Xy),






Since D is a space-like zero mean curvature surface in Rf, this
shows that such surfaces fail to either minimize or maximize
area in a rather dramatic way. This behavior is typical of all
space-like zero mean curvature surface in any Lorentzian
four-manifold.

Space-like zero mean curvature surface in Lorentzian
manifolds have important applications in General Relativity
where they are used to study singularities of space-time. Since
their variational definition, (first variation of area equals zero), is
important in these application, one would expect that there
should be a good variational approach to studying these
surfaces.



Space-like zero mean curvature surfaces in R can all be
described by a Weierstrass representation using holomorphic
data (recent work of Changping Wang, Peng Wang and Xiang
Ma):

X—%/(¢+w,—i(¢—w),1 o1 + o) dh,

where ¢, v are holomorphic functions and dh is a holomorphic
1-form.



LetX — R‘1‘ be a spacelike immersion. At each point p € ¥, the
induced metric on the normal bundle L, 3 is Lorentzian.

Definition: Let £* be a Lorentzian manifold. A space-like
surface > — L is called marginally trapped if its mean curvature
vector H is light-like, H-H=o.



Theorem

(Alias, P 1997) Let X : ¥ — L be a space-like zero mean
curvature surface in a Lorentzian manifold which satisfies the
Null Convergence Condition (Ricci(N,N) > 0 for all null vectors
N). Then each point p in ¥ has a neighborhood U on which the
second variation of area is non negative when restricted o
variations through marginally trapped surface which have the
same boundary values as X| to first order.

An arbitrary relatively compact neighborhood of a point in £ has
finite Morse index when restricted to variations through
marginally trapped surface which have the same boundary
values as X| to first order.



We will call a space-like surface Y : ¥ — R{ a spherical graph if
there exists a null section of the normal bundle L Y of the form
¢ = (v,1) such that v : ¥ — S? is injective.

If Y is a spherical graph and if v(X) =: Q, we will say that Y is a
spherical graph over Q.

If a surface is a space-like spherical graph over €, then the
surface can be parameterized by »~' =: Y and we write the
surface as Y : Q — R}.

If Y : Q — R} is a spherical graph over Q and the mean

curvature ﬁy of Y satisfies I:Iy -(v,1) =0, then we will call Y a
marginally trapped spherical graph over Q2.



Theorem

Consider a space-like zero mean curvature surface which can
be represented as a spherical graph X : Q — R‘}. Let

Y Q- R‘1" be any marginally trapped spherical graph over Q
with Y‘aQ = X’aQ. Then,

Area[X] < Area[Y], (1)

holds.

Remark: If £ — R{ is a space-like surface and K(p) # 0, then
near p the surface can be represented as a spherical graph.



Lemma
Let Y : ¥ — R} be a space-like surface. Assume that its mean
curvature vector satisfies H - (v, 1) = 0, with |v| = 1 and
(v,1) € T(L Y), Then the map v : ¥ — S? is weakly conformal,
ie.

dv-dv=hds?,

for some function h > 0.



We denote the Laplacian on S2 by A. The gradient of a
function u on S? will be denoted Du.

Proposition
Let Y be a marginally trapped spherical graph over Q c S?. Let
¢ =(v,1) and define f := Y - £. Then,

Y = (Df — (%Af)u, —%[Af+2f]). )

Conversely, let f be any smooth function on a domain Q c S?
and define Y = Y;: Q — Rﬂ' by (2). Then, Y is marginally
trapped. Consequently, if g is any smooth function on Q2 such
that f and g agree to order k + 2 on 99, then Yy is a marginally
trapped spherical graph over Q which agrees with Y to order k
on 012.






Corollary
Y has zero mean curvature only if

A(Af+2f)=0 (3)

Lemma
Let 'Y be a marginally trapped spherical graph. Then the
surface area is given by

1

Area[Y]zl A[f(A+2)[fldw+= 1anyDf|2—(A+2)[f]anma.
4 Jo 2 Jon 2

(4)
Observe that the area integral in (4) is exactly the energy
integral for equation (3).



The lemma follows from a compuation of the induced metric
using (2) ,

dy -dY = %((A[f])2 — 4M[f])dS?,
where M[f] is the Monge-Ampere operator and dS? is the
metric on S2. We now recall a version of the Lichnerowicz

formula. If X is any surface with boundary and u is any
sufficiently smooth function

j'{ L onl VUl = (Auopuds — /yv2u|2—(Au)2+K|vU|2dz
ox 2 bx
- /—2M[u]+K!Vu\2dZ.
>

We apply this to f using our current notation and using K = 1
on S2.



Recall the classical Dirichlet Principle:

If h e C?(Q) solves Ah=0and g = hon 99, then

/\vm? d"xg/ IVg|?d"x .
Q Q



Lemma
(Dirichlet’s Principle). If q solves

A(Ag+2g)=0 (5)

inQ cc S? and f is any smooth function with f — q € W22(Q),
then

/ Alqg] (A +2)[q) dw < / Alf|(A+2)do.  (6)
Q Q

holds.



To prove the theorem, we represent the zero mean curvature
surface using the representation theorem (2), i.e.

1, 1,
X =(Dg—(34q)v. —5[Aq+24]),

where g solves A(Aq + 2q) = 0.

If Y is any marginally trapped spherical graph which agrees
with X on the boundary then we can use (2) to represent Y
using a function f. We have

Y = (Df — (%Af)u , —%[Af +2f]).

f=qgonoQsince Y- (v,1)=X-(v,1) on oQ.
By projecting both X and Y to R® and using that v is orthogonal
to both Df and Dq, we have that Df = Dqg on 922 also.



Since f —q € Wg’Z(Q), we have by Dirichlet’s Principle:

| Ala) (A +2)a)de < [ Alf(A+2)f o,
Q Q
Recall:

Area[Y]zl A[f](A+2)[f]dw+1 1anyDf|2—(A+2)[f]anfara.
4 Jo 2 Jon 2



We will show that the boundary integral in the area formula only
depends on f and Df restricted to the boundary.

%8,,|Df|2 — (A +2)[flopf = [Dn(DFf) - Df] — (D¢Df - t + DyDF - n)f, -
= [(Dn(Df) - )fy + (Da(DF) - n)fo] — (D;Df
—2ffy
= (Dn(Df) - t)f; — (D:Df - t)f; — 2ff,
= (Dt(Df) . n)ft — (Dth . t)ft — 2ffn,
where we have used that the Hessian is symmetric. By

assumption f = q, Df = Dq on 09, and thus f, = g, and
D:Df = D:Dq on 99. This gives the result.



Remark:

The inequality (1) can be improved to
4AX)+ (51~ 2) [ KT~ VT2 dE < 4ALY],
pu

where

080 = ity o

is the buckling eigenvalue of Q c S2.



Questions

» Can the previous result be extended to points where the
curvature vanishes?

» Are there analogous results for other spaces? The case
where R? is replaced by S would be particularly
interesting.



Laguerre Geometry:
For an oriented surface X : © — R®, the middle sphere at p is

the sphere (or point sphere) of radius (4 + £) in oriented
contact with the surface at X(p).
This assignment defines the Laguerre map

Z : ¥ — {oriented spheres and point spheres} ~ R .

p — middle sphere at p

middle
' sphere




Facts about the Laguerre Gauss map:

v

Z : (%, lll) — R} is space-like and conformal.

v

Z is marginally trapped..

H? — K )
Area(Y) = K dXx = Laguerre: functional of X
px

v

Z has zero mean curvature if and only if X is a Laguerre
minimal surface.

Therefore, X is a minimizer for the Laguerre functional exactly
when Z minimizes area among marginally trapped surfaces.



Conformal Geometry:
For an oriented surface X : © — R3, the central sphere at p is

the sphere (or plane) of radius |H(p)|~" in oriented contact with
the surface at X(p).

This assignment defines the conformal Gauss map

Y : ¥ — {oriented spheres and planes} ~ S} .

p — central sphere at p

central
sphere




Facts about the conformal Gauss map:
» Y :(%,ds?) — Sjis space-like and conformal.

» Y is marginally trapped..
>
Area(Y) = / H? - KdLyx = Willmore functional of X
X
+topological constant

» Y has zero mean curvature if and only if X is a Willmore
surface.

Therefore, X is a minimizer for the Willmore functional exactly
when Y minimizes area among marginally trapped surfaces.
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