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Abstract

We study the geometry of surfaces which are in equilibrium for a (constant coefficient)
parametric elliptic functional with a volume constraint. We consider the first and second
variations and the exceptional set of the Gauss map for such surfaces. The equilibrium surfaces
of revolution (anisotropic Delaunay surfaces) are also discussed as is an anisotropic version of
the Willmore functional.

1 Introduction

The interface between two non mixing media is often represented as a surface. Determining the
shape of the interface may lead to an isoperimetric problem in which a minimum value of the
free surface energy, subject to a volume constraint is sought. The free surface energy may be
a homogeneous surface tension or, for more highly structured materials, an anisotropic surface
energy (i.e. one that depends on the direction of the surface) may be more suitable. This paper
treats the geometry of equilibrium surfaces for the resulting type of isoperimetric problem.

Let F : U ¢ 8™ — R™ be a positive, smooth function. For a smooth, oriented immersed
hypersurface (we will simply write hypersurface) X : ¥ — R"*! whose Gauss map v : ¥ — S™ is
assumed to lie in U, we define the functional

Fay (X) 1= F(X) + AV (X) = /EF(u)dE +AV(X), Ao€R, (1)

where dX¥ is the volume form of the induced metric and V(X) denotes the algebraic (n + 1)-
dimensional volume enclosed by X,

V(X) = — /(X,u>d2.

n+1

Such functionals are used to model anisotropic surface energies. Applications can be found in
many branches of the physical sciences including metallurgy and crystallography [14, 15]. We will
impose a convezity condition on the functional: Denote by DF and D?F the gradient and Hessian
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of F on S™. Then we require that at each point in U the matrix D?F + F1 is positive definite.
We will refer to the case when U = S™ as the uniform case. The functional appearing in (1)
will be referred to as a (constant coefficient) parametric elliptic functional (PEF). They have been
extensively studied from the viewpoint of geometric measure theory and convex analysis but do a
lesser degree using differential geometry. One notable geometric investigation is [11].

By parallel translation in R**!, DF may be considered as a smooth tangent vector field along
X. The Euler-Lagrange equation for the functional Fy, is

0=divgeDF —nHF + Ay =: —A + Ay, (2)

where H is the mean curvature of the immersion. The quantity A will be called the anisotropic
mean curvature.

The convexity condition implies that the Euler-Lagrange equation is absolutely elliptic in the
sense of [7]. This implies that a maximum principle analogous to that for constant mean curvature
surfaces holds. Another interpretation of the convexity condition is the following. Consider the
embedding G : S" — R""! defined by G(v) = DF(v) + F(v)v. Then the convexity condition
implies that G defines a smooth, convex hypersurface in R"*!. The hypersurface defined by G is
called the Wulff shape of F'. An important result known as Wulff’s theorem, though actually proved
by Jean Taylor ([13]), is that the Wulff shape is the absolute minimizer of the functional Fy among
all closed ‘hypersurfaces’ in R"*! enclosing the same (n + 1)-volume. Here the term ‘hypersurface’
can be taken in the sense of the boundary of a set of positive Lebesgue measure. Thus the Wulff
shape solves the isoperimetric problem for the functional Fy. In [10] we showed that any closed
critical, stable hypersurface of a PEF F,, with nonzero Ay is, up to translations and homotheties,
the Wulff shape, where a critical point X of Fj, is said to be stable if the second variation of Fq
is nonnegative for all (n + 1)-volume-preserving variations of X with compact support.

In this paper we begin by obtaining variational formulas for parametric elliptic functionals with
a volume constraint (Section 2). The variational formulas lead to a Ruh-Vilms type theorem that
the Gauss map of a hypersurface with constant anisotropic mean curvature satisfies an associated
variational problem (Section 3). In fact, the Gauss map is the absolute minimizer of this associated
functional if the surface is strongly stable (Theorem 3.1), i.e. the first Dirichlet eigenvalue of the
Jacobi operator is nonnegative.

Throughout the rest of the paper, we will restrict ourselves to surfaces in R3. First we will
show that for functionals sufficiently close to the area functional, the only complete, stable critical
point, up to homothety and translation, is the Wulff shape (Corollary 4.1).

Probably the most important examples of constant mean curvature surfaces are the Delaunay
surfaces, i.e. the surfaces of revolution. They are not only important examples of constant mean
curvature surfaces in their own right, but also appear in a fundamental way in the study of
more general constant mean curvature surfaces. We investigate the analogous class of surfaces
with constant anisotropic mean curvature (Section 5). The composition of this class of surfaces
is strikingly similar to the classical case. For each functional there are families of anisotropic
catenoids, unduloids and nodoids. The anisotropic unduloids are embedded periodic surfaces while
the anisotropic nodoids are only immersed and periodic.

In the subsequent section we study the exceptional set of the Gauss map of a surfaces with
constant anisotropic mean curvature. We produce various L' bounds on the curvature under
the assumption that the Gauss map is contained in a suitable region of the 2-sphere which in



particular is contained in the compliment of neighborhoods of both poles. These bounds depend
on the conformal structure of the surface but do not explicitly depend on the functional, only on
upper and lower bounds on the principal curvatures of the Wulff shape.

Finally, in Section 7, we study an anisotropic version of the Willmore functional which assigns
to a surface the L? norm of the anisotropic mean curvature. It is shown that the Wulff shape is

the absolute minimizer of this functional among all closed genus zero surfaces in R?® (Proposition
7.2).
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2 Variational formulas

In this section, we consider a smooth, oriented immersion X : ¥ := %* — R""! of an n-
dimensional, oriented, connected smooth, compact manifold X", with or without boundary. We
do not assume yet that the anisotropic mean curvature is constant.

Denote by v the Gauss map of X. We will consider a variation X; = X + tuv + O(t?), where
u is a smooth function. The variation is assumed to have compact support, i.e. X; = X outside
some compact set which is independent of ¢. Derivatives at ¢ = 0 will be often denoted by “dot”.
The first variation of the algebraic (n + 1)-dimensional volume V is

V- /E uds. 3)

The anisotropic mean curvature A is defined by the first variation formula

8t]-"|t:0 = —/ Au dE,
z

where F is the functional defined in (1). It then follows that the first variation of F vanishes for
all compactly supported variations which preserve the enclosed (n+ 1)-dimensional volume exactly
when A = Ay holds for some constant Ag. The expression for A in (2) was derived in [10].

In order to study the second variation of the functional F,,, we will derive a formula for the
pointwise variation of the function A. Let Q@ CC ¥ and let u,v € C°(2). Consider the two
parameter variation

X(s,t) =X + (tu+ sv)v (4)

(no higher order terms). We wish to show:
0% F|smt=0 = / (AVu, V) — (Adv, dv)uv + nH Auv dX, (5)
)
where A = (D?F + F1). We have

0% F|smtmo = / (0%, F)dY + / (05 F)(0d%) + (04 F ) (05d%) + / F(0%dY) =1+ IT1+ 111,
b)) by b



where all derivatives which appear in the integrands are evaluated at s =¢ = 0. We now use that
the first two variations of the normal v are given by

O = —Vu, Osv = —Vu, Ostv = dv(Vuv) — (Vu, Vo)v.

It then follows that
= / (D2F(Vu), Vo) + (DF, du(V (uv))) d5.
b

We now note that the gradient of F'(v) on X is given by VF = dvDF. We also recall a well known
formula for the transformation of the Laplacian

—AF ov = traces ((D*F)dv(-),dv(-)) + (r(v), DF),

where 7(v) is the tension field of the Gauss map. Using that the tension field of v is given by
7(v) = —nVH, we arrive at

I / (D?*F(Vu), Vo) + (DF,dv(V (uv))) d¥
2

/ (D?F(Vu), Vo) — (dv(DF), V(uv)) d¥
2

/ (D?*F(Vu), Vo) — (VF,V(uv)) dS
2

/ (D?*F(Vu), Vo) + uwwAF d¥
2

/ (D?*F(Vu), Vo) — wo({(D*F)dv, dv) — n(VH, DF)) d%.
3
Using (0;dY) = —nuH dX, (0,dX) = —nvH dX, we obtain
IT = / nH((DF,V(uv)) d.
b))

Since
A = —traces Adv = —(divDF — nHF), (6)

we can integrate the right hand side by parts to obtain
Il = —/Emw -div(H - DF) d¥ = —/Enuv -(VH,DF) + nuvH(nHF — A) dX.
Therefore, we arrive at
I+11= /E ((D*F(Vu), Vv) — uwv{(D*F)dv, dv) — nuvH(nHF — A)) d¥. (7)
We next use a formula for the pointwise second variation of area to obtain

IIT = /EF ((Vu, Vo) + (n?H? — |dv|?)uv) d¥. (8)



Combining (7) and (8), we arrive at

I+1I+111

/ (((D*F + F1)(Vu), Vo) — ((D*F + F1)dv, dv)uv + nHAuv) d%
b

— / v(div[(D*F + F1)(Vu)] 4+ ((D*F + F1)dv, dv)u) — nHAuv d¥, (9)
b

which is the same as (5).

We will now consider applications of the formula (9). The first will be to compute the pointwise
variation of the anisotropic mean curvature A which will be used in later sections.

Again, we consider variations of F with respect to the variation given by (4). We have at any
values of (s,t),

0sF = —/EA<85X, v) dx.
Differentiating again and setting s =t = 0 gives
OAF = — /E(atA)v —nHAuv d¥. (10)
Comparison of (9) and (10) shows:
Proposition 2.1 The pointwise variation of A is given by

O\ = L[u] := div[(D*F + FI)|,(Vu)] + ((D*F + F1)|,dv, dv)u. (11)

The second application of (9) will the second variation formula for the functional F with a
volume constraint. We refer the reader to [1] for details.

Assume that X : ¥ — R"*! is a critical point for Fy,. We choose smooth compactly supported

functions v and v with
/udZ and /vdZ #0,
b b

and we consider a variation X, = X + (tu + s(t)v)v where s(t) is implicitly defined so that the
volume V (t, s(t)) = constant. For this variation we have at any value of ¢,

OF = —/ A X, v) d.
>

Also, when t = 0, we see $ = 0 and so, using (11), we have

RF = — / (OeM)u + Ao (02 X, V) + No(0: X, Ov) — AgnHu? d% (12)
b
= —/ ulL[u] dZ—éAO/ vdZ—l—Ao/ nHu? d¥.
b 3 b

As in [1], we have that

§=—-0LV/)0,V = (/

EnHu%lE) / (/EvdE).



We therefore obtain

05 Faoli=0 = 05 Fli=o = —/ uL[u]dX.
b

Moreover, from (3) and (12), for any compactly supported variation X; = X + tuv + O(t?) of X,
we have

0% F g lt=0 = — / uL[u]dX.
>

Proposition 2.2 Let X : ¥ — Rt be a smooth, oriented, immersed hypersurface with A = Ag.
Let X; = X +tuv + O(t?) be a compactly supported variation of X. Then the second variation of
Fa, 15 given by

OfF o li=o0 = — / uL[u]dx, (13)
b
where L is the self-adjoint operator
L[u] = div((D?*F + F1)|,Vu) + ((D*F + F1)|,dv, dv)u.

If X; satisfies a further assumption that it is volume-preserving, then

07 Fnoli=0 = 05 Fli—o = —/ uL[u]d¥. (14)
)

From now on, we will write the right hand side of (13) (which is the same as (14)) as 62Fx,,
that is

82 Fn, = 7/ uL[u]dX.
2

3 Applications of the second variation

If we consider a smooth variation X, = X + eyv + --- of an immersion X : X" — R"*!, then,
from Proposition 2.1, the first order change in A is given by

8.(A) = L] = div(AV) + (Adv, dv)ip,

where A = D?F + F1. Since a one parameter family of translations X, = X + €C, where C
is a constant vector, leaves the functional invariant, its normal component vo := (v, C) solves
Live] =0, ie.

div(AVy;) + (A -dv,dv)rv; =0, j=1,---,n+1, (15)

here we write v = (11,19, +,Vpy1) 1 " — S C R*HL

Proposition 3.1 The equation A = constant is absolutely elliptic in the sense that its linearization
at any surface is elliptic.

Consequently, as explained in [7] the maximum principle holds for the equation A = constant. If
two hypersurfaces satisfying this condition are in oriented contact at a point p and one hypersurface



lies on one side of the other near to p, then the two hypersurfaces must agree on a neighborhood
of p.

Assume that X : ¥ — R"T! is a critical point of a PEF F,. We will say that a relatively
compact subdomain Q C X is stable if (51%.7-'/\ > 0 holds for all smooth % with compact support in

Q satisfying
A / Yd¥ = 0.
Q

A domain  is called strongly stable if 63).7: A > 0 holds for all smooth ¥ with compact support
in Q. Note that Q is strongly stable if and only if the first eigenvalue A\; (L, ) of the eigenvalue
problem

Ly = -\, ¢ eCT(Q)
is nonnegative.

Assume that X : ¥ — R"*! is a critical point of a PEF Fj.

Remark 3.1 Define

‘= mi i D?F + F1)], = D*F + F1),£,¢). (1
o=min pmin (ADF+HFDLEE,  mi=mac  max  (DTF+FLLEE. (16)

In the uniform case, we have 0 < ¢ < 7 < co. Note the inequalities

o / VY[ — (r/fo)|dv]2yRds

IN

/<(D2F + F1)V4, Vip) — ((D*F + F1)|,dv, dv)y?*dS

IN

T/|v¢\2 — (o/7)|dv|2yds.

Proposition 3.2 Let X : ¥ — R be a smooth, oriented, immersed hypersurface which is a
critical point of a uniform parametric elliptic functional Fa, A # 0. If Q is a relatively compact,
strongly stable subdomain in X, then the first Dirichlet eigenvalue A1 of the Laplacian for S satisfies

A > nA?/(277).
Proof. Note that

1
D?F + F)|,dv,dv) > Y % /2 > = (3 hij/pi)? = A?
T<( + )| v, V>— z]/uz—n( J/lu‘) /’I'L
holds so that on any relatively compact, strongly stable subdomain, we have

0< /Q<(D2F+F1)|va,v¢> —((D*F + F1)|,dv, dv)y*dS < /Qr|v¢|2 - ”2—A2¢2dz

T

for all ¢ € C°(2) from which the result follows. q.e.d.

Theorem 3.1 Let (X™,0%) be a smooth manifold with smooth boundary and let

X:¥ - R



be a critical point of a PEF F (with or without a volume constraint). Assume that the immersion
is strongly stable, i.e. \1(L,X) > 0. Then the Gauss map v has the following minimizing property:
for every smooth map f: % — S™ with f =v on 0%, there holds

/((D2F+F1)|VV1/, Vv) d2 g/((D2F+F1)|ny,Vf> dy.. (17)
b)) b

If the domain is stable for the functional with a volume constraint, then (17) holds for all maps f
such that f =v on 0¥ and
/ f—vdX=0,
p)

i.e. [ and v have the same center of mass.

Proof. We write v = (v1,--,Vn41), f = (f1,-+, fat1). Then from the usual characterization of
A1, we have for j=1,---,(n+1),

M / (v; — f;)2 dS < / (AV(v; — £,),V(v; — £;)) — (AVw, V) (; — f;)* d,

where A := (D?F + F1)|,. Expanding this out and using that the mappings are into a sphere and
using the self-adjointness of A, gives

)\1/ 2—2<f,u>d2g/(AVV,VVH—(AVf,Vf)—2<AV1/,Vf>—(AVV,VV>(2—2<f,y>)dZ. (18)
b b

Note that

Z]{ [i(AVvj,n)ds = Z/ [idivA(Vv;) +(V f;, AVv;) dX, (19)
5 Jox >
where ds is the volume form of 9X. Note that

Z f] (AVvj,n)ds = Zj:jgzyj<AVVj, Z?{)z AVU , M)
1 .
= 2£E<AV(;u;),n ds =

This gives from (19) and (15),
Z/(ij,AVVj>dE: —Z/ fjdivA(Vl/j)dE:/<AV1/, V) (f,v) d%
> > b
Inserting this in (18), gives

)\1/22—2(f,u> dzg/E<AVf,Vf>—<Avu,vy> as.

This proves the result. q.e.d.

We make note of the following simple corollary.

Corollary 3.1 Let X : X — R"™! be an immersed compact CMC' (possibly minimal) hypersurface
with boundary with A1 (L,X) > 0. Then the Gauss map v is the absolute minimizer of the Dirichlet
energy among all sufficiently smooth maps into S™ with the same boundary values as the map v.



4 Two dimensional results

The main result of this section is the following.

Theorem 4.1 Let F be a uniform PEF. Let X : X2 — R3 be an oriented, critical immersion
of Fa for some A # 0, which is complete with respect to the induced metric. Assume that the
functional is close to the area functional in the sense that

20

—>1 20

2 > (20)
holds, where o and T are those which were defined by (16). Then the Morse index of the immersion
is finite if and only if ¥ is compact.

In the case of constant mean curvature F' = 1, this result was obtained independently by da
Silveira [3] and by the author [9] and later by Lopez-Ros [8]. The approach we will use below is
similar to that used in [3] and [8], which is heavily based on work of Fischer-Colbrie [4].

Since any closed critical, stable hypersurface of a PEF F, with nonzero A is, up to homotheties
and translations, the Wulff shape ([10]), we obtain the following

Corollary 4.1 Let F be a uniform PEF satisfying (20). Let X : ¥2 — R? be an oriented, critical
immersion of Fa for some A # 0, which is complete with respect to the induced metric. Then the
immersion is stable if and only if X (X) is up to a homothety and translation, equal to the Wulff
shape.

Proof of Theorem 4.1. Note that the operator D*F + F1 is symmetric on S2. Let {e1,es} be a
locally defined frame on S? such that (D?F + Fl)e; = (1/u;)e;. If v is the Gauss map of ¥, note
that the basis {e1, ez} at v also serves as an orthonormal basis for dX(7,X). Let (—h;;) be the
matrix representing dv with respect to this basis. Then

—hii/pr = hiz/m
D?F + Fl)dv = H .
( + v ( —hia/p2  — haa /2

This with (6) gives A = hy1/u1 + hoa/u2. Note that D?F + F1 is the inverse of the differential of
the Gauss map of the Wulff shape W and so its eigenvalues 1/, are the negatives of the reciprocals
of the principal curvatures of W with respect to the outward unit normal. Letting Ky = pip2,
denote the Gauss curvature of W, we have Kx,/Kyw = (hi1haa — h35)/(p1p2) from which we have

A2 =2Ks/Kw = (1/2)(hi,/ui + h3a/ps + 2hathaz/pi i) — 2(hathay — B3o) /o
= (1/2)(hur/ 1 — haz/p2)® + 2085/ pa e > 0.

Note that 771 < pu; < o~! (i = 1,2) holds. Therefore,

Npape/2 < ANpaps/2+ (A)2 = 2Ks /Ky )papis
h? h2 2h2
_ ( 121 222 + 12 )Nl,UJQ
K1 o 12



h? h3
il ﬁﬁm +h(E + 22
2 M2 B M2

|
=

Ml M2 Ml H2
o Y{(D*F + F1)|,dv, dv).

Hence, on any relatively compact subdomain Q2 CC %, for all ¢ with compact support, we have
! /<(D2F + F1)Vp, Vip) — ((D*F + F1)dv, dv)y? d%
<ot [ TITUP - opuaA2/2+ (A2 — 2K ()02 dS

- / VU2 — o A2 a2 + (N ppin/2 — 2Ks) 1o dS

AZ 90 A2
_ "2 u1#2¢2d2+/\v¢|2 ”( ‘Z”Z—Kz)zp?dz
90 A2
< ——/w as+ [ Vo - 22 (FEE - Kyt as.
It )
2
.

is satisfied, then, using the fact that the quantity A?/2 — 2Ky /Ky is non-negative,
! /<(D2F + F1)V4, Vap) — ((D*F + F1)dv, dv)y? dS

<_7/¢ dz+/|w|2 A SR geg)y? as

—B/W dZ+/|V1/J|2+Kg¢2 dx.
:/|v¢|2f ﬂ—K Y2 ds
- [{aw+ (%j ~ K)o Juds.

Therefore, if the index of L is finite, then the index of

oA?
J:A—Fﬁ—]{z

is finite. We can now apply a method developed in Fischer-Colbrie [4]. There exists a compact
subset C' of ¥ such that there exists a positive solution u of the equation
oA?
Au—|—(ﬁ —Ks)u=0

on X\ C. By arguing as in Lopez-Ros [8], one sees that ¥ must be compact. q.e.d.

10



Example 4.1 Without the uniformity assumption things may change radically. We consider
surfaces which are given as graphs z3 = u(w1,22) over some domain Q CC R2? Here u is a
smooth function and we choose the orientation on the graph I' so that the normal is given by
v:= (14 |Du|?)~"?(=Du,1). For such surfaces one can introduce the PEF’s

.7:1\:/1/3_171/3 d2+AV:/ |Dul?d?z + AV.
T Q

This functional appears in [11]. Tt is easy to check that the functional is indeed elliptic, in fact its
Waulff shape is the elliptic paraboloid x3 = (1/2)(2? + 23). For a PEF such that F' = F(v3), the
eigenvalues 1/, defined above are given by

Vpe=F —wsF', 1= (1 —v3)F" +1/ps,

so that for F = v3 ' — v3 we have 1/py = 2/v3 which is unbounded on the open hemisphere.

Note that when A = 0 the critical points of F are exactly the graphs of harmonic functions since
F corresponds to the Dirichlet energy. There are therefore many ‘entire’ (and hence complete)
examples, e.g. the graph of R(z") where n is any positive integer. Note also that since the second
variation of the Dirichlet energy is equal to the Dirichlet energy, these examples are globally,
strongly stable, i.e. they have Morse index zero. When A # 0 holds, it is again easy to produce
complete, examples by taking graphs of functions of the form

where f is an entire harmonic function. These examples are also globally strongly stable. To see
this, note that vertical translation in R? is a symmetry of the variational problem. If an immersion
is subjected to a one parameter family of vertical translations, then the normal component of the
resulting variation field is the function v3 which is positive for a graph. It follows that the first
eigenvalue of the stability operator is positive on every relatively compact subdomain in 3.

Example 4.2 Using the Legendre transformation (cf. Reilly [11]), one finds that the PEF whose

Whulff shape is the ellipsoid
2y 2
o + 2 + 2= 1

is given by

F = / \/a21/12 +b2v3 + 2v2 dY,

or in non-parametric form u = u(z,y),

F= c/ \/1 + (aug/c)? + (buy/c)? dzdy.

The transformation ' = x/a, y' = y/b, 2/ = z/c converts F into the area functional multiplied
by abc. It follows that an immersion X = (x,y,2) is a critical point of some Fy, if and only if
(«’,y,2’) is a constant mean curvature immersion.

11



5 Anisotropic Delaunay surfaces

Let
]-'(X):/F(yg,) dx

be a rotationally invariant parametric elliptic functional. We will look for surfaces of revolution
(with vertical axes) which are critical points of F, possibly with a volume constraint. We will do
this by expressing the corresponding one-dimensional Euler-Lagrange equation for the generating
curve as a conservation law using a “flux formula”.

Let X be a surface of revolution which is a critical point of the functional F,. Then, the
endomorphism field D?F + F1 has eigendirections corresponding to

EQZVXEl, E1:(O,O,1)—1/3V

as long as the normal is not vertical. E;, Fy define an orthonormal basis {e1, ez} on T'S? as long
as X does not intersect with the vertical axis. The eigenvalues ,ufl, Iy ! corresponding to these
directions are given by

1/ps = F —v3F’, 1/ = (1 —v3)F" + 1/ po.

Since F' = F(v3), the Euler-Lagrange equation for F becomes

0= diVZ(DF) —2HF +A = diVZ(F/(V?,)VZ‘g) _9HF + A
= F"(v3)(Vvs, Vas) — 2H(F — vsF') + A.

From this it is easy to derive the equation
Al/3 = diVZ(F — V3F/)v1‘3 = dng(l/Mg)vxg.

We can obtain a flux formula by integration. For example, if X is a surface with boundary, then
the following flux formula holds.

A/El/g ¥ = fgz(F — I/3F/)<E3,TL> ds = fgz(l/ug)<E3,n> dé, (21)

where n is the outward pointing unit normal along 0% and E3 = (0,0, 1).

We consider the part of such a surface which is bounded by two circles which lie in parallel
horizontal planes. Then the surface is parameterized as

X(s,0) = (x(s)e®, 2(s)), x>0, s €10, L],
2(0) < z(L),
where s is arc length of the generating curve. Note that the area element d3 of X is given by

d¥ = xdsdf

at any point where x does not vanish. We choose the “outward pointing” Gauss map v = (v, va, v3)
of X as
v(s,0) = (2'(s) cos B, 2'(s)sin @, —2'(s)).

12



Then we apply the Divergence theorem to the constant vector F3 to obtain
/ v3 d¥ + [(z(L)? — 2(0)?] = 0. (22)
b

Next, we apply the flux formula (21) for X. In the case of a surface of revolution, 9,z are constant
on each boundary circle and we obtain

2 (101/12) @002l (2) + [1/2) 0,212100) ) = & [ 1 . (23)
By combining (22) and (23), we arrive at

2((1/12)(On2))(L) + Mz(L))* = =2[(1/12) (80 2)](0) + A (0))*.

It follows easily, that
2(1/ )2 (s)x(s) + A(z(s))? = constant =: c. (24)

This is a first order conservation law for the generating curve (z(s), z(s)) of a surface of constant
anisotropic mean curvature A. The Euler-Lagrange equation is the second order equation obtained
by differentiating (24). The resulting surfaces will be called anisotropic Delaunay surfaces. Note
that for a CMC surface, we can take ps = 1 and we have A = 2H.

By taking a new parameter s := L — s, we have

2(1/p2)2'(8)2(3) — A(x(3))? = —c.

So below we will assume without loss of generality that A < 0 holds . With this normalization, we
have the following cases:

I-1) A = 0 and ¢ = 0: horizontal plane.

)
I-2) A =0 and ¢ # 0: anisotropic catenoid.

1) A <0 and ¢ =0: Wulff shape (up to homothety and translation).
A <0 and ¢ = ((g2]vs=0)?|A]) "1 cylinder.

A <0 and ((#2]ys=0)2|A]) ™t > ¢ > 0: anisotropic unduloid.
A < 0 and ¢ < 0: anisotropic nodoid.
In cases (I-2), (II-3) and (II-4), we will refer to the respective generating curve as an anisotropic

catenary, anisotropic undulary, and anisotropic nodary. In general, we will call generating curves
of anisotropic Delaunay surfaces as anisotropic Delaunay curves.

We will first justify the statement that case (II-1) does indeed give the Wulff shape and then
consider the surfaces in cases (I-2) and (II-2) ~ (II-4).

The orthonormal basis on T'S corresponding to { E1, E»} above is {9/9s,2719/96}. The matrix
—h;;) representing dv with respect to this basis is given by
J

h11 = ZL’”Z, - LUIZH, h12 = h21 = 0, h22 = —LU_l,Z/. (25)
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From (24) and (25), we have
(—thg/,ug + A)Z’Q = C.

On the other hand, A = —trace(A - dv) = h11/p1 + hoo/pe. It then follows that
(hn/,u1 - h22//$2)$2 =, (26)
(2h11/p1 — N)a? = c. (27)

Suppose A # 0 and ¢ = 0. Then, at any point where z > 0 holds, from (26), it holds that
A =2hq1/p1 = 2has/p2 and so the surface is, up to homothety and translation, part of the Wulff
shape. In particular, if a surface of revolution with constant non zero anisotropic mean curvature
has the topology of the disc, then we have = 0 at some point and so, from (24), ¢ = 0 holds.
Therefore, it is, up to homothety and translation, part of the Wulff shape.

The Wulff shape W is parameterized as
(0,0) = (u(o)e™, v(0)),

where o is arc length of the generating curve. Let X (s,60) = (z(s)e’, z(s)) be another anisotropic
Delaunay surface. At points where the Gauss maps of these two surfaces agree, we have

Ts = Ugy Zs = Vg
The quantity pe is the negative of the principal curvature ko of W. Thus
to = —ko = vy /u=zs/u.
If we use this expression in the conservation law (24), then we obtain
2ux + Az? = c.
We can consider u as the independent variable and solve

_ { c/(2u), A=0,
—ui\//:ﬁ—&-Ac’ A ?é 0.

By considering the direction of the Gauss map for the case of anisotropic nodoids, we have the
following:

Proposition 5.1 Let W be the Wulff shape of a rotationally invariant parametric elliptic func-
tional F(X) = [ F(vs) d¥. Let

o (u(0),v(0)), o€ (-00,00),
be the profile curve of W, where o is the arc length. Then
iy v —u=0
holds. Let X (s,0) = (z(s)e?,2(s)) be a critical point of Fa with a constant A < 0. Then the

immersion X is given as follows.
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(i) When X is an anisotropic catenoid,
x =c/(2u)

for some nonzero constant c.

(1i) When X is an anisotropic unduloid,

u+Vu? + Ac
—A

xr =

for some constants ¢ > 0 and A < 0, where © = x(u(0)) is defined in {o|u > v/ —Ac}.

(1ii) When X is an anisotropic nodoid,

u 4+ vVu? + Ac
—A

xr =

for some constants ¢ < 0 and A < 0, where x = x(u(0)) is defined in {—oc0 < 0 < 0}.

In all cases above, z is given by

z :/ Vy Ty, du. (28)

Conversely, for a Wulff shape W defined as above, define © and z as in (i) ~ (iii) and (28).
Then X (s,0) = (x(s)e', 2(s)) is an anisotropic Delaunay surface which satisfies

25 2o + Ax? = ¢,

where s is the arc length of (x,2), and A is supposed to be zero for Case (i). Moreover, X has the
same regularity as W.

Proof. If we think of z as also depending on u, then

2y = (22)(Tu) = (25/T5) T = (Vo [Uo )Ty = VuTy.
Then (z, f “ 2. du) gives the profile curve of an anisotropic Delaunay surface.

We need to prove the regularity of X at u = v/—Ac for the case (ii). We see

u u
s:i/ \/ﬂr:g—l—zﬁdu:i/ V1402 |z, du.
We can choose the direction of s so that

5{ — [T+ 02 |2, du, :v:i""”_“;“\c,

[“V/1+02 |2, du, x = u=vutAc V_“i"’AC

holds. And so
d /d 7V1+’UEL |:17u|7 x:u+ _u/2\+AC7
S u = 5T

15



Figure 1: An end of an anisotropic catenoid

and

Ty = Tyus = —(1 4 02)71/2

Therefore, X is of class C'. It is shown that v, is of class C' with respect to s as follows. We see

—v (1 + 02)71/2 —AVu?+Ac = ut+vu?+Ac

(Vy)s = Vyulls = u “ VuZtActu’ N —A
ujs uu s (1+ 2)71/2 —AVu+Ac _ u—vu?+Ac
Yuu LT Uy Vulthe—u’ A S

Hence, at u = v/—Ac, (v,)s = 0 holds and v, is of C* with respect to s. Similarly we see that v,
is of C" with respect to s if W is of C", and therefore X has the same regularity as W. q.e.d.

Example 5.1 We will carry this out to find the anisotropic catenoid in the case where the Wulff
shape W, is given by (23 + 23)? + 23’ = 1, with p > 1. The profile curve is v + v?? = 1. We
normalize so that ¢ = 2 and consider the part of the anisotropic catenoid C), which corresponds to
the branch v(u) = +(1 — u?)/?P 0 < u < 1. We obtain

x=1/u, 2:7/ wzp*g(lfwzp)%dw, 0<u<l

The “pole” of W, (u,v) = (0,1) corresponds to an end of C,. Because the singularity in z, is
integrable at u = 0 for p > 1, this end is planar. One end of the surface when p = 2 is shown
above.

From now on, we will assume that
A<O
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holds.

Let (z(s),z(s)) be an anisotropic Delaunay curve which is defined by (24) with A < 0 and
¢ # 0. Let B (bulge) and N (neck) be, respectively, the maximum and minimum of x. For the
values of s for which these extrema occur, we have z’ = +1 and v5 = 0. If an extremum of z(s)
occurs at § = sg, we have

£2(s12],,—0) ~x(s0) + Al (s0))? = c.

It is easy to see that if ¢ > 0 holds, then 2z’ = +1 must hold at any positive local extremum of
x(s) while for ¢ < 0, 2/ = +1 must hold at a bulge and z’ = —1 must hold at a neck. Observe that
for the anisotropic unduloid, 2z’ > 0 must hold and so the generating curve is embedded.

For the anisotropic unduloid, by substituting z’ = 1 for (24), we obtain

B = (_A)_l ((N;lll’s:o) + \/(ﬂ51|V3:0)2 + AC), N = (_A>_1 ((M51|V3:0) - \/(M51|V3:U)2 + AC)7

(29)
where
0 < e < ((H2lus=0)?IAD
holds.
For the anisotropic nodoid, 2’ = +1 must hold at a bulge and z’ = —1 must hold at a neck.

And so we have, from (24),

B = (~A)7 (13 Josm0)+ (13 M oym0)? + 8), N = (~A) 7 (=13 o)y (1 ogm0)? + Ac).
(30)
where
c<0

holds.

Lemma 5.1 For each anisotropic Delaunay curve (x(s), 2(s)), there are a unique local maximum
B and a unique local minimum N of x, which we will call a bulge and a neck respectively. B and
N are given as (29) and (30). An anisotropic nodary has no inflection point. Each anisotropic
undulary is embedded and has a unique inflection point between each B and the next N, which

satisfies © = \/c/(—A).

Proof. From (25), x is an inflection point if and only if h1; = 0 holds. Therefore, from (27), x is
an inflection point if and only if —Az? = ¢ holds. q.e.d.

We will derive representation formulas of anisotropic Delaunay surfaces. Set

(2(s),2'(s)) = (cos @(s), sin (s)).

From (24), we have
—A2? — 2pu5 H(sinp)z + ¢ = 0.

17



Figure 2: A part of the anisotropic nodoid for the Wulff shape W5 defined above with A = ¢ = —2.

Hence we obtain

z = (—Ap) " (sing £ \/sin® p + p3Ac).

We differentiate  with respect to ¢ and obtain the following;:

_1/ - - . sin
zp = (—A) " (3 cosp + (uy ')y sin ) (1 + —(’0>

\/sin? @ + p3Ac

pyt = F(vs) — vsF' (13), v3 = —a' = —cos,

Recall

from which we see that
(15 1), = F” cos psin p.
Moreover, recall
pit = (=) F oyt = Fsin® o 4y
From (32), (33), and (34), we obtain

Ty = (—App) " cos<p<1 + &)

\/sin? ¢ + p3Ac

By using (35), we can compute locally

z:/dz:/Z—Zj—xdgpz/(—Aul)_lsincp<1:|:$> de.
L de \/sin ¢ 4 p2Ac

(31) and (36) give global representation formulas of anisotropic Delaunay surfaces:

18
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Proposition 5.2 (Representation formula for anisotropic nodoids) An anisotropic nodary
18 parameterized as follows:

2(p) = (—Ap2) " (sing + 4 /sin®  + p3Ac),

Z(wz/w Si[T\HP <1+ sin ¢ )d<p+20’ weR, A<0, <0, —00 < @< oo
o THHM \/sin? ¢ + p3Ac

Therefore, it is periodic along the vertical direction in the following sense:

(z(p + 2km), z(p + 2k7)) = (z(p), 2(¢)) + k(0, 2(27) — 2(0)), Vk € Z, Vo € R.

Remark 5.1 Let us consider an anisotropic nodoid. If F(v3) = F(—v3), then

2 [T sin
Z|p=2r — Z|p=0 = TA/ L4 de > 0.
0

p1/sin? @ + p3Ac

If there is an example which satisfies z|<p:27T — 2z|p=0 = 0, then the surface is an embedded critical
surface with genus 1, therefore it is an embedded critical surface which is different from the Wulff
shape.

Corollary 5.1 An anisotropic nodoid is either non-embedding or a compact embedded surface with
genus 1.

Proof. If z|p,—ax — 2|p—0 = 0, then the surface is a compact embedded surface with genus 1. If
Z|p=2r — 2|p=0 # 0, then the surface is periodic along the vertical direction, and it has both bulges
and necks. On the other hand, from (24), 2z’ = +1 must hold at a bulge and z’ = —1 must hold at
a neck, which leads us to the desired conclusion. q.e.d.

Proposition 5.3 (Representation formula for anisotropic unduloids) One period of an anisotropic
undulary C is parametrized as follows:

1(p) = (—Auz) ™! (singp + /sin®  + p3Ac),
P .
Z1(<,0)=/ sin ¢ <1+ sin >d<p+z0, T2 =01 <@ <72+ b2, (37)

/2 —Am \/sin? ¢ + p3Ac

w2(p) = (—Ap2) "' (sinp — y/sin® p + p3Ac),
@ : .
Zz(cp):/ sin ¢ (1_ sin ¢ >d<p+zl(7r/2+52), T/2—501 < o <7/2+4 b,

j2+5, —Am \/sin? ¢ + p3Ac

zwn€eR, A<0, ¢>0,

and 01, 62 € (0,7/2) are defined as follows: (2',2") = (cos(m/2 — &1),sin(w/2 — 01)) is the tangent

vector of C at the inflection point between a neck (z(sk;), 2(s)) and the next bulge (z(sk), 2(s}))

(38)
where
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such that z(sk) < z(sk) holds. On the other hand, (x',z') = (cos(m/2 + 82),sin(7/2 + §2)) is
the tangent vector of C' at the inflection point between the bulge (z(sk), 2(sk)) and the next neck
(z(s5%), 2(5%)) such that z(sk) < z(s3%,) holds.

By combining (37) and (38) with their parallel translations, we obtain an embedded periodic
surface along the vertical direction.

Proposition 5.4 (Representation formula for anisotropic unduloids) An anisotropic un-
duloid is represented as follows:

x 41,2 71/2
=+ ()

Proof. Since 2’ > 0, we can represent x = x(z). From zs = 7,2, and 22 + 22

2 =1, we obtain

ze = (14 22)712, (39)

By substituting (39) for (24), we obtain

4932 1/2
- (u%(c—szV )

q.e.d.

The following result will serve to motivate results of the next section concerning the exceptional
set of the Gauss map of a surface with constant anisotropic mean curvature.

Proposition 5.5 The Gauss map v of the an anisotropic unduloid is contained in a band around
the equator. Specifically, the Gauss map satisfies

ABN  ( (paluy=0)""?
2<Mi=1— 3 .
= (B+N2\ lus [l

Proof. From (24) and the fact that ¢ > 0 holds on the anisotropic unduloid, we obtain
27" Jpue = c/x — Az > 2v/—Ay/c.
We also find from (29) that

B 2 __ 12BN
:U’2|V3:0<B + N), M2|V3:0 (B +N>

Using this and the fact that 2 = (2/)? =1 — (2/)?, the result follows. g.e.d.

—A

On the other hand, from Proposition 5.2, we see the following

Proposition 5.6 The Gauss map of an anisotropic nodoid is surjective.
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6 The Gauss map

In contrast to the case of minimal surfaces, relatively little is known about constant mean curvature
surfaces whose Gauss map is constrained to lie in some particular subset of the 2-sphere. Perhaps
the best known result in this direction is that of Hoffman-Osserman-Schoen [6] which states that
a complete CMC immersion whose Gauss map is contained in an open hemisphere must be flat.
This result will be generalized below.

The goal here is to consider surfaces whose Gauss map lies in a possibly large subset of S?\ £ Es.
Our result is motivated by considering domains of a fixed area in a one parameter family of
unduloids which are deforming to a cylinder. As their Gaussian images are restricted to lie in a
narrowing neighborhood of the equator, their Gauss curvatures are tending uniformly to zero.

Let 3 be a Riemann surface equipped with any conformal metric. Let Uy C U be relatively
compact subdomains of ¥. Let w = w(Uy,U) be the harmonic function on U \ Uy with boundary
values 1 on Uy and 0 on OU. Note that 0 < w = w(Up,U) < 1 by the maximum principle. The

number defined by
1

— = Vw|? d2
w(Uo,U) /U\UO Vel

is clearly a conformal invariant of the pair (Up,U). The surface X is said to be parabolic if there
exists an exhaustion Uy C Uy C Uy C --- with 1/u(Uy,U;) — 0 as j — oo. This condition is
independent of the choice of exhaustion. It is easy to see that the sequence {1/u(Uy, U;)} is strictly
monotonically decreasing. The class of parabolic surfaces includes those which are conformally a
compact surface minus a finite number of points.

Let F be a uniform parametric elliptic functional and let X : ¥ — R? be a conformal immersion
which is a critical point for F with a volume constraint. In particular, the immersion has constant
anisotropic mean curvature A. Recall that the uniformity of F means that there exist constants o
and 7, such that

0<o< (A8 <T<o0 (40)

holds for all tangent vectors ¢ with |¢] = 1.

Let X : ¥ — R? be a conformal immersion with constant anisotropic mean curvature A.
Let v be its Gauss map and assume that v(X) C S?\ £FE5. Define the multi-valued function
a := arg(ry + ive). Fix a base point py € ¥ and define the (possibly multi-valued) function

P
a(p) ::/ vda,
Po

where the integration is along any path from pg to p. We will be assuming that & is a bounded
function on a certain subset of 3. Note that this means, in particular, that & is single valued on
the subset.

Theorem 6.1 There exist constants ¢ = c(b — a, 7o) with the following property: Let X : ¥ —
R? be a conformal immersion with constant anisotropic mean curvature A for a parametric elliptic
functional satisfying (40), such that the image Q) of its Gauss map satisfies

1> M :=supvs. (41)
Q
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Then, for any relatively compact subdomains Uy C U C X such that
—o<a<a<b<oo (42)

holds on U, there holds

eML/2 1 1 1 1/2
K| dY < inf . 4
/UO' 4 _(1—M)3/4{M(UO7U) Uoé“vcv(u<vo,v>+u<v,v>)} (43)

If we further restrict the range of the Gauss map to lie in a topologically simple subset, we
obtain

Corollary 6.1 Let Q be a domain with compact closure in S? \ +E3, with the property that the
winding number of every closed curve in € with respect to —FE3 is zero. On € it is possible to
define the function

a := arctan(va/v1) = arg(vy + ive)

as a single valued continuous function such that there exist constants a,b with
—oo<a<a<b<oo.

Set
1> M :=supvi.
Q

There exist constants ¢ = c¢(b— a, 7o) with the following property: If X : ¥ — R3 is a conformal
immersion with constant anisotropic mean curvature A, such that the image of its Gauss map is
contained in a domain Q as above, then for any relatively compact subdomains Uy C U C 3, (43)
holds.

Proof of Theorem 6.1. By replacing the base point pg if necessary, we have
—00 < =0 < & <6 < oo, d:=(0b-a)/2 (44)
By introducing coordinates (7, «) in Q as
v = (siny cos a, sin 7y sin a, cos ),
the canonical metric on S? can be expressed as
ds® = dy* + sin® v da?, (45)

where « is the same as above. Note that doo = d& on X.

The energy E[v] of a map v from a surface ¥ into (§2, do?) can be expressed as
Ev]: = (1/2)/<A~d1/,d1/> dx
by

= (1/2) /E (<Av7,v7>+(sin27)<AVd,va>> .

22



From this, one can derive the following equations for the critical points of the energy of a map into
(Q,ds?) :
div(AV7y) = (cosysinvy)(AVa, Va), (46)

div((sin® y)AVéa) = 0. (47)

Let ¢ be a smooth function with 0 < ¢ < 1, which is identically 1 on Uy and has compact
support in U. From (47), we have

0 = C2(sin® )@ * (AVa)°
oU
= / ¢*(sin?7)(AV &, Va) + 2¢a(sin® ) (V(¢, AVa) d¥.
U

From this, we can rearrange terms to obtain

o [ Gemtyivaris < 2 [ casin)|ve|valas
U U
< 627'/CQ(sinz’Y)|V@|2dZ+e_27/dQ(SmQ’Y”dedE
U U
< 627'/CQ(sin27)|V&|2dZ+e_27’/CAYZWC‘Z . (48)
U U

Now let ¢ be a sufficiently smooth approximation to the piecewise differentiable function

w (Z) _ ]., in Uo,
! - w(UmU), in U\U().

By taking €27 := (1/2)0 in (48), we obtain, using (44),

. 4(7’0_1)2(52
1—-M vaﬂdzg/ sin? ) |Val2dy < =——~2
a-2 [ [va | (sin*y|val ST

In a similar way, we will bound the L? norm of |[V~|. Using (46), we have

0 = 7{] (2(cos ) * (AVA)’

/U —(2(siny)(AV7y, V) + ¢2(siny)(cos® 7)(Va, AVA) 4 2¢(cos7)(VE, AV7) dX.

Recall that 0 < v/1 — M < sinvy and |cos~y| < VM hold on . We have

am/[]cﬂw? < TM/U<2|Vd|2 dy.
+e2T/Ug?|vA,|2dE+e—2TM/U\v<|2 dx.

We take €2 := (1/2)0v/1 — M. Choose a domain V with Uy CC V CC U. Letting ¢ be a
sufficiently smooth approximation to the function

1, in Uy,
wg(z) = w(Uo,V), in Vv\U'()7
0, inU\V,
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we have, using (49) with U replaced by V,

272 M
ovV1—M VAl2de < 2<TM/ Va|? de + )
U0| | V| | ov1—Mpu(Up, V)
< 4 ( 2(to )2 M > n To M )
- (1= Mp(V,U)  VT—MuU,V)/)

The last inequality can be expressed as

) 2(ro~ )3 M2 (ro~1)*M
/UO VA7 d% < 4((1 M a(v,0) —M)u(Uo,V))
< i)
= YA -2\ u(V,0) " u(Us, V) )

where C depends only on 6(= (b —a)/2) and 7o~ L.

(50)

In order to relate these estimates to the curvature, note that the area element for the metric
(45) is given by
dA = (sinvy) dy A dé.
From this it follows that
Kd¥ = v*dA = (siny)(JVy,Va) d%,

where J is the almost complex structure on ¥. Hence, using (49) and (50), we have

K| dS

1/2 1/2
< (/ |V |? d2> (/ (sin? 7)|V&2d2)
Uy Uo Ug

2(ro~ )3 M2 (re=1)2M 1/2 (to=1)262 1/2
4((1 —M(V,0) (1= M)u(Co, m) ( 1(Uo, U) )

A

IN

M1/2 1 1 1/2 1 1/2
< o - L
(1 - M)3/4 ,LL(V, U) IU’(U07 V) M(UO7 U)

where Cy depends only on 6(= (b —a)/2) and 70~ . q.e.d.

We would like to remove the condition that v*da have no periods. Let A be a bordered Riemann
surface. (The boundary may consist of a finite number of curves but no points.) Let {y1,---,vn}
be a minimal set of generators for the fundamental group of A. There exist harmonic 1-forms

{m,--+,nn} on A with
/ nj = 0ij-
Vi

For any closed one form £ on A, there is a function u, unique up to an additive constant, with

&= du—i—Zcim,

61:/75-

i

where

We define the oscillation of £ on A to be the oscillation of u on A, i.e.

oscA€ :=supu — inf u.
A A
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Lemma 6.1 Let A be a Riemann surface which is conformally an annulus {1 < |z| < R}. Let
& be a smooth closed 1-form on the closure of A and let P be the period of & over a generator of
m1(A). Let exp : C — C* denote the exponential map, and for n a positive integer and yo real, let
R,={0<z<InR, yo <y <wyo+2nrw}. Finally let { be any function on R, with df = exp*&.
Then

oscg, | < osca(§) +nlP|.

(Here the oscillation of a function f means sup f —inf f.)

Proof. Let p and ¢ be any points in R,, and let I" be a path from p to ¢ consisting of one horizontal
and one vertical line segment. On R,, we have

exp” ¢ = exp” du + P(@)
2w
Therefore .
10~ 1) = [ e e =uta) —ut + P [ 5.
T T 4T
and so

1f(q) = f(p)| < 0sca(u) +n|P|,

from which the result follows. (Note that to obtain the last inequality, we have used that dy has
a sign on vertical vectors). q.e.d.

Corollary 6.2 Let A be a Riemann surface which is conformally an annulus and let X : A — R?
be an immersion with constant anisotropic mean curvature with respect to a functional satisfying
(40). Assume that the variation of da over any positively oriented generator of w1(A) is 2wk and
that the Gauss map satisfies (41). Then for any concentric annulus Ay C A, there holds

CM1/2
Kld < —————— . [(4p, A
/AO| | = (1—M)3/4 ( 0 )7

where I(Ag, A) is a conformal invariant of the pair (Ag, A) and ¢ depends only on o~
and k.

L osca(v*da)

Remark 6.1 The value of I(Ap, A) is given in the proof. These numbers are bounded below away
from zero.

Remark 6.2 The corollary gives an upper bound on how many times the Gauss map can “ver-
tically” wrap Ag over {v3 < M} in terms of the conformal invariant I(Ag, A). The anisotropic
unduloids of the previous section provide examples of surfaces whose Gauss maps multiple cover a
band about the equator.

Proof of Corollary 6.2. We may assume that A is equivalent to {1 < |z2| < R} C C and that
Ao C {14+e < |z] < R—¢€} forsome e > 0. Let U = {0 < z < InR, —27 < y < 2w},
Uy={In(1+¢) <z <In(R—¢), -7 <y <7}
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By the previous lemma, we obtain a bound on oscy@ which depends only on osc4(v*da) and
k. By applying Theorem 6.1, we obtain (43). Set

1 1 1 1/2
[ ={ —— inf
! {mUo,U) Uoé“vcv(uwo,m T U>>}

We then define I(Ap, A) to be the infimum of all such upper bounds I; as (Uy, U) range over all
such coverings. q.e.d.

Corollary 6.3 There exist constants ¢ = c¢(b — a, 7o~ 1) with the following property: Let G C C
be a domain and let X : G — R3 be a conformal immersion with constant anisotropic mean
curvature with respect to a uniform parametric elliptic functional. Assume that the image of its
Gauss map is contained in a region () as in the previous theorem. If G compactly contains a disc
Dpr = Dg(z0) = {|z — 20| < R}, then for any r < R, there holds,

CM1/2
KldY < .
/DT' S D og (&)

Proof. The result is obtained from Corollary 6.1 by noting that 1/u(D,, Dg) = 27/ log(R/r) and

_ o 1 Y-
3400 = G+ e ) = P = iy

q.e.d.

Corollary 6.4 Let ¥ be a parabolic Riemann surface. Let X : ¥ — R3 be a conformal immersion
with constant anisotropic mean curvature with respect to a uniform parametric elliptic functional.
Assume that the image of its Gauss map is contained in a region S\ £{E3} and that the Gauss
map satisfies (42) in Theorem 6.1. Then the surface is flat. More precisely, X (X) is a right
cylinder C x R over a certain curve C' in a plane which is parallel to the xs3-axis.

Proof. From (49) in the proof of Theorem 6.1, we obtain
/ (sin?4)|Véa|? d¥ < constant/u(Up, U),
Ug

for any Uy C U C X. Note that
siny =0<= v ==£FE;3.

So, in the present case, siny # 0 at any point. If ¥ is parabolic we can let U exhaust ¥ and
conclude that « is a constant. This implies the conclusion. q.e.d.

Corollary 6.5 Let Q2 be a domain with compact closure in S? \ £E3, with the property that the
winding number of every closed curve in Q with respect to —E3 is zero. There exists a constant
¢ = c(b— a, M) with the following property. For any CMC immersion X : ¥ — R3 whose Gauss
map s contained in Q, and for any relatively compact subdomain U C X and simply connected
domain Uy C U, if

Hullo U) + Uoénvfw(uwi, vy * u(V17 U)) =¢ (51)

holds, then Uy is strongly stable.
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Proof. Note that we can choose A = 1 and ¢ = 7 = 1. By combining (46), (49) and (50), we
obtain that the energy of the Gauss map has an upper bound as in the left hand side of (51):

E] = (1/2)/U |dv|? d%
2{ 52 N 2M §? N M
w(Uo,U) " (1= MP32u(V,U) "~ (1= M)p(Up, V)|’

where § := (b —a)/2. A result of Ruchert [12] (which follows from the Faber-Krahn inequality)
states that, for a simply connected domain Uy in a CMC surface,

E[v] = (1/2)/ |dv|* d% < 27

Uo

implies strong stability. q.e.d.

We conclude this section by noting that the Bernstein type theorem of Hoffman-Osserman-
Schoen [6] can be extended to certain surfaces with constant anisotropic mean curvature.

Theorem 6.2 Let X : ¥ — R? be an isometric immersion of a complete surface with constant
anisotropic mean curvature with respect to a parametric elliptic functional satisfying (20). If the
image of the Gauss map is contained in a closed hemisphere then the surface is flat.

Proof. The proof is essentially the same as that used to prove the result of [6]. If the Gauss map
is contained in a hemisphere (v,a) > 0, a € S?, then the function (v,a) is a non negative solution
of Llu] = 0. If (v, a) is not identically zero, it follows that the surface is globally strongly stable.
By Theorem 4.1, the surface ¥ would have to be compact, but this is impossible since the Gauss
map of a compact surface is surjective.

If (v,a) = 0, then the image of the Gauss map is contained in a circle and so the Gauss curvature
is identically zero. q.e.d.

7 Squared anisotropic mean curvature

Let F': S? — R™T be a smooth function which satisfies the convexity condition, and let W be its
Wulff shape. For a smooth, oriented immersion with Gauss map v, consider the endomorphism
of each tangent space defined by —A(dv), where as before, A := (D?F + F1) ov. Since both A
and dv are self-adjoint, the eigenvalues Ai, Ao of —A(dv) are real. We will refer to them as the
anisotropic principal curvatures.

Courant and Hilbert define a plate as “an elastic two dimensional body, whose potential energy
under deformations is given by a quadratic form in the principal curvatures of the plate.” In analogy
with the potential energy of a plate ([5]), we assign to each immersion of a compact surface ¥ a
potential energy whose density is a fixed positive definite quadratic form of the A;’s. Such an
energy can be expressed as

S(a, b) = / Cl(/\l + )\2)2 + bA1 Ao dX
b

for constants a, b which depend on the quadratic form.
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Proposition 7.1 Ifa # 0 and if only compactly supported variations of the immersion are consid-
ered, (or more generally, only VVOQ’2 variations are considered), then all the functionals €(a,b) are
variationally equivalent to € := £(1,0). In particular, they will all have the same critical points.

Lemma 7.1 Let ¥ be a compact surface with smooth boundary and let M be a smooth surface.
Let f : ¥ — M be an immersion, and f; : ¥ — M, t € (—¢,€) be a smooth one parameter family
of maps with f; = f on 0X. Let Qp; denote the area form on M. Then

o[£ (@ar)io =0

Proof. Because the boundary values of the maps are fixed, the tangent vector £ = 9;(f;)i=o lies in
To(f*TM) = space of sections of the pull back of the tangent bundle of M which vanish on 0X.
It is well known that for any p € M there exists a 1-form 6 on M \ {p} which is a smooth solution
of df = Q. We assume first that f is not surjective and choose p € M \ f(X).

‘We have
/Z Fr s = /2 f7(d6) = /E aso = 0.

Let ¢ be the unit tangent vector to 0. Note that

O = § 0U7.(0) + Ve + O).
0% ox
The first order term in ¢ is just
¢ oo, (52)
%
Let 6# be the vector field associated to § using the metric on M. Then,

shows that the integrand in (52) vanishes since £ vanishes on the boundary.

The general case is easily treated using a partition of unity {p;} subordinate to an open cover
{U;} of M such that on each U; there is a solution 6; of df; = p;Q2ps. The details are left to the
reader. q.e.d.

Proof of Proposition 7.1. Since
£(ab) = / A2 + (K Kyy) dS,
b

it is enough to show that
5 [ (/B a2 =0, (5)
b

for all compactly supported variations.

Let Y : S2 — R? be the embedding of the Wulff shape given by the inverse of the Gauss map
of W. If X : ¥ — R3 is a smooth immersion of a compact, oriented surface with Gauss map v, we
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let f:=Y ov. If Q is the area form on W and  is the area form on S? then Y*Q = (1/Ky )
and so

f*Q=v"(1/Kw)Q = Ks g,
Kw

If X; is a variation of X which fixes the boundary values up to first order, then we can apply
Lemma 7.1 with f; := Y o1, where v; is the corresponding variation of the Gauss map. This will
show that (53) holds. q.e.d.

The functional
E(X) = / A2dY,
P

therefore has critical points which represent the equilibria of an anisotropic plate. They are also
anisotropic analogues of Willmore surfaces. Note that the functional £ is invariant under rescalings
(X — rX) and translations of the immersion X. The Euler-Lagrange equation for this functional
is derived as follows. Associated with the functional F, there is a Jacobi operator

L[Y] = divs((D?F + F1)|, V) + ((D*F + F1)|,dv, dv)y.

From Proposition 2.1, this operator gives the infinitesimal change in A with respect to the normal
variation X, = X + epv + O(e?):
A = L[y].

Using this, we compute the first variation of the functional £ for compactly supported variation
Xe:

SE(X) = 2 /

(AGA — HypA?) d¥ =2 / (AL[Y] — HYpA?) dY = 2/ Y(L[A] — HA?) d¥.
b b b))

Therefore 0£(X) = 0 for all compactly supported variations of X if and only if
LAl - HA* =0
holds.

Proposition 7.2 The Wulff shape W minimizes £ among all oriented, closed, genus zero surfaces
in R3. It is the unique minimizer up to homothety and translation.

Proof. Since the Wulff shape is convex, its Gauss map N : W — 52 is a diffecomorphism. Let
X : ¥ — R3 be a smooth immersion with Gauss map v. Let Ky, denote the curvature of the induced
metric and let Ky denote the curvature of the Wulff shape. We will also use Ky to denote the
quantities Ky (N~1(v(p))), p € £ and Ky (N~1(v)), v € S2. We have shown previously, that

0 <A? —d4Ks/Kw = (hi1/m — haa/p2)? + 4his/ o

holds. Equality will occur at a point if and only if the operators A~! and dv are proportional.
Reilly refers to such points as W-umbilics and shows ([11], Corollary 1 to Proposition 1) that any
surface which is made up entirely of W-umbilics is homothetic to W.

We thus obtain when ¥ is closed and genus(X) = 0,

K 1 1
/ Ade >4 2 dv=4. degree(u)/ —dw > 4/ ——dw = 4 - Area(W),
) s Kw s2 Kw sz Kw

where dw is the area form on S2. Since equality holds only for surfaces homothetic to W, this
shows that W minimizes and, in particular, that W is a critical point of the functional £. q.e.d.
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Added in Proof

Since the submission of this paper, the authors have obtained additional information concerning
the anisotropic Delaunay surfaces which we wish to call to the Reader’s attention.
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If a rotationally symmetric integrand F' = F(v3) is defined everywhere on S? and if the convexity
condition holds everywhere, then the generating curve of an anisotropic catenoid is a graph over the
whole of the vertical axis. This is Lemma 5.2 of our recent paper “Anisotropic capillary surfaces
with wetting energy, preprint”. This behavior is in contrast with Example 5.1 in the present paper.

Corollary 5.1 states that an anisotropic nodoid is either non-embedded or it is a compact
embedded surface with genus 1. Lemma 4.1 (iv) in our recent paper “Stability of anisotropic
capillary surfaces between two parallel planes, to appear in Calculus of Variations and Partial
Differential Equations” shows that the second case does not occur.
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