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Abstract

We study the stability of capillary surfaces for anisotropic energies having boundaries
supported in horizontal planes. A wetting energy term for the surface to plane interface is
included.

1 Introduction

The study of capillary phenomena for liquid surface interfaces has been an active area of research
for hundreds of years beginning with the investigations of Leonardo da Vinci in 1490 and continuing
with the work of Laplace, Young, Gauss, Rayleigh and others.

When immiscible materials come into contact, their interface forms so as to minimize a free
surface energy subject to whatever volume constraints and boundary constraints are imposed by
the physical environment. If the materials involved enter a solid (or liquid crystal) phase, then
the classical isotropic surface tension must be replaced by an anisotropic one even if the surface
material is homogeneous.

Let F be a smooth, positive function on S2. To a smooth, oriented, immersed surface X : & —
R?, we assign the free anisotropic energy

FX] ::/EF(V)dZ, (1)

where v = (v1,v9,13) : ¥ — S2 is the Gauss map of X, and dX is the area form of the induced
metric. We will assume that F' satisfies a “convexity condition” in the following sense: Denote by
DF and D?F the gradient and Hessian of F' on S2. Then we assume that at each point in S? the
matrix D?F + F1 is positive definite. Then, such an energy functional F is sometimes referred
to as a constant coefficient elliptic parametric functional. More general integrands where ' may
also depend on the position of the surface, may also be considered, and they are called elliptic
parametric functionals (cf. [5]). For simplicity, we will restrict ourselves to the constant coefficient
case .

It is known that the energy F appearing in (1) possesses a canonical critical point which
minimizes F among closed surfaces enclosing a specific three dimensional volume ([3]). This
critical point is given by the immersion y : S? — R? defined by x(v) = DF(v) + F(v) - v, and is

The first author is partially supported by Grant-in-Aid for Scientific Research (C) No. 16540195
of the Japan Society for the Promotion of Science.



known as the Wulff shape which we will denote by W. In the special case where F' = 1, F is the
area functional and W is the round sphere of radius 1 with center at the origin.

The property that X is a critical point of F for all compactly supported volume-preserving
variations is characterized by the property that X has constant anisotropic mean curvature. This
definition is a generalization of the idea of constant mean curvature (CMC) which arises from the
area functional.

This paper is a continuation of [11]. As in [11], we will assume that F' is a function of one
variable, that is F' = F(v3). In [11], the stability of volume constrained equilibrium surfaces for
anisotropic energies with free boundary components constrained to lie in horizontal planes were
treated neglecting wetting energy. This omission forces the surface to intersect the supporting
planes in a right angles, thus reducing greatly the quantity of examples which need to be considered,
since Alexandrov reflection already forces an equilibrium to be a surface of revolution. In [11]
it was shown that, under some assumptions on W which are satisfied in the CMC case, any
stable embedded equilibrium capillary surface between two horizontal planes with nonempty free
boundary on these planes is either a sufficiently short cylinder or a suitable part of the Wulff shape.

If the wetting energy is taken into account, the total surface energy may be represented

E:=F+wiAo+wi A,

where A; are the wetted areas of the two planes, and w; are coupling constants which depend
on the materials involved. Now, if the critical surface is required to lie between the planes, then
Alezandrov reflection can still be applied to show that an equilibrium surface must be rotationally
symmetric (Corollary 3.2). However, the contact angle between the surface and the supporting
plane must be a prescribed constant (Proposition 3.2) and any region bounded by two horizontal
planes in any rotationally invariant surface with constant anisotropic mean curvature (anisotropic
Delaunay surface) can be considered as an equilibrium surface for such a problem. This makes a
complete characterization of all stable domains difficult and therefore we will limit ourselves here
to certain natural choices of the parameters wg and w; and certain natural choices of regions.

For example, if we assume that W is rotationally invariant with respect to the x3 axis, and
symmetric with respect to {x3 = 0}, and that the curvature function of the generating curve of W
with respect to the inward pointing normal is a non-decreasing function of arc length on {x3 > 0}
as one moves in an upward direction. Then we have the following:

If wg = w1 > 0 holds and X is an equilibrium capillary surface having free boundary on two hori-
zontal planes, then the immersion is stable if and only if X is a part of an anisotropic Delaunay
surface whose generating curve has no inflection point in its interior (Theorem 11.1).

We wish to explicitly take note of the papers of Athanassenas [1], Vogel [12], [13] and Zhou
[15] which provided several motivating ideas for our present research. All of these papers treated
the stability of capillary surfaces between parallel planes for the area functional. Zhou’s paper
[15] treated the stability of a liquid catenoidal bridge. In particular, it is shown in [15] that, for
the area functional with wetting, stability is not a monotonic property; i.e. an unstable domain of
the catenoid may be a proper subset of a stable one. This further complicates the stability analysis.

The paper is organized as follows:

e Section 2 contains preliminary material.



e Section 3 contains a derivation of the first and second variational formulas of rotationally
symmetric anisotropic surface energies for drops having free boundaries on two parallel planes
with the inclusion of wetting energy along the surface-plane interface.

e Section 4 derives a minimizing property of the part of the Wulff shape W between two parallel
planes for the free boundary problem. This property was first shown by Winterbottom [14]
for surfaces with free boundary on a plane. Our method is essentially the same as that used
in [14].

e Section 5 contains a summary of results concerning anisotropic Delaunay surfaces. These
surfaces were introduced in detail in [10] and play a fundamental role in our stability analysis.

e Section 6 specializes the results of Section 3 to the anisotropic Delaunay surfaces.

e Section 7 gives a spectral characterization for stability of domains in anisotropic Delaunay
surfaces.

e Section 8, 9 and 10 treat respectively stability of anisotropic unduloids, nodoids and catenoids.
e Section 11 characterizes stable equilibria in the case when wy = w; > 0 holds.
e Section 12 treats the case when one of the w;’s is zero.

e Section 13 is an appendix containing results about eigenvalues for problems of Sturm-Liouville
type which are used in the previous sections.

2 Basic assumption and preliminaries

We gather here some known facts concerning anisotropic surface energies which will be needed
throughout the paper. The reader is referred to [10] for details.
Let F : S? — R be a smooth, positive function. We associate with F the set

W(F) = {x e R*| sup ;{‘(3 =1}. (2)

We will call W(F) the Wulff shape of F. (In the literature, the domain in R interior to W (F) is
sometimes called the Wulff shape.) Unless otherwise stated, we will assume the following convexity
condition holds: W (F') is a smooth, uniformly convex surface. In this case, the map of the sphere
defined by x(v) := DF + Fv, gives an embedding of S? onto W (F) whose Gauss map is v, i.e.
x = v~ ! It is not difficult to see that every uniformly convex surface W C R3 arises as the Wulff
shape of the function F(v) = gov~!, where ¢ is the support function of W and v is its Gauss map.

The convexity condition implies that the principal curvatures of W (F) with respect to the
outward pointing normal, denoted by —pu;, j = 1,2 are everywhere negative. In the case in which
we will be most interested, when W (F) is a surface of revolution with respect to the vertical axis,
these principal curvatures are given by

1/p2 = F(vs) — v3F'(v3), V=1 —v3)F"(v3) + 1/ps . (3)



To a smooth, oriented surface X : ¥ — R?, we assign the free anisotropic energy

FIX] ::/EF(V)CZE,

where v is the Gauss map of the immersion. Such an energy is sometimes referred to as a constant
coeflicient elliptic parametric functional. More general integrands where F' may also depend on the
position of the surface, may also be considered, and they are called elliptic parametric functionals
(cf. [5]), but we will restrict ourselves to the constant coefficient case for simplicity.

For a compactly supported variation of X, X, = X + eX + O(¢?), the first variation formula

OF[X]emo = — / AX,v)dY,

defines the anisotropic mean curvature function A. The convexity condition insures that the
equation for prescribed A is an absolutely elliptic, quasilinear PDE in the sense of [6].

Useful local expressions for the anisotropic mean curvature can be obtained by letting DF' and
D?F denote respectively the gradient and Hessian of F' on S?. These tensors can be transplanted
to any immersed oriented surface by using parallel translation. Then,

A =2HF — divy DF = —traces(D*F + FI)odv,

where H is the mean curvature of X and I is the identity endomorphism field on T.S2.
When F = F(v3) and X is a surface of revolution with vertical axis, we have

ke k
_k ke

A ;
M1 M2

where k;, i = 1,2 denote the principal curvatures of X.

3 Capillary problems

We consider the closed domain € in the three dimensional Euclidean space R? with boundary 02
consisting of a union of two horizontal planes IIy and II;.

Let X : (3,0%) — (,09) be an embedding of a two dimensional orientable compact connected
C* manifold ¥ with finitely many boundary components which maps the interior of ¥ into the
interior of . We denote by v the outward pointing unit normal to X. We define the volume V[X]
of X as the usual volume of the three-dimensional domain enclosed by X (X)UII; UTl,. A variation
X (2,0%) — (Q,00) of X will be called an admissible variation if

for all e.

The wetting energy is defined as follows. Set C; = X ~1(II;). Then, each C; (possibly an empty
set), i = 0,1, defines a compact planar region which is the sum of the planar regions bounded by
embedded curves X (0X) N1I;. We let A; denote its area and set

W = woAp + w1 A,



where w; are coupling constants. In applications these constants depend on the composition of the
materials involved.
We seek a condition that X : (X,0%) — (Q,09) is a critical point of the total energy

E=F+W, f[X]::/F(V)dE
)

for all admissible variations of X. This condition is equivalent to the condition that, for some
constant Ag, X is a critical point of a functional

Eng = E+ AoV

for all variations X, : (3,0%) — (2,09Q) of X.

Let x := DF + Fv. Here DF is the gradient of F' on the sphere. We also consider DF' as a
vector field on an immersed surface via parallel translation in R?. We may then consider y as a
map from an orientable surface into R3.

Recall the first variation of V' for a variation X, is given by

d

oV = —
v de

VIX] = /2 (0.(X.) o, ) .,

e=0

where ( , ) is the canonical inner product in R3. )
By an admissible variation vector field we will mean a smooth R3 valued map X on ¥ such
that when X is resolved into tangential and normal components as X = £ + ¢v, there holds

/Equzzo, (4)

<X7E3>|3Z =0, (5)

where E3 := (0,0,1). The space of admissible variation vector fields will be denoted by A. The
condition (4) is the infinitesimal condition that there exists a deformation

X.=X+eX + O(e?) (6)

which preserves the volume while (5) is the infinitesimal condition that X (0%X) C 9 for all e.
In fact, a standard argument using the implicit function theorem shows that (4) and (5) are also
sufficient to embed X in a volume-preserving variation (6) with X (0%) C 9 and 0.(X¢)|e=o = X.
In fact, the following lemma is proved by a modification of the proof of the existence of volume-
preserving variations fixing the boundary given by Barbosa-do Carmo [2].

Lemma 3.1 For any C* function ¢ : ¥ — R satisfying
(i) Y(w) =0 for w € OX where X is tangent to 9%,
and

(i) [ dE =0,
there exists a vector field & which is tangent to X such that
Xe=X+e(€+yv) +O(e)

is an admissible variation.
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Thus A may be thought of as the tangent space at X to the “manifold” Z of all immersions of 3
into © which contain the same volume as X and satisfy the free boundary condition that 0% is
mapped into 0€).

For an admissible variation given by (6), the first variation of the anisotropic energy is given
by

§F = / (DF, =V4 + dv(€)) + F(divE — 2H1p)dY
>

/ ¢(divgDF — 2HF)dS + ¢ —¢(DF,n) + F(¢,n)d3
> ()

—/zwAdZ+ng(X><X,dX>,

where H is the mean curvature of X, n is the outward pointing unit normal along 0%, d5 is the
line element on 0%, dX = (v X n)d3, and A is the anisotropic mean curvature of X.

To compute the first variation of the wetting energy, we note that by the divergence theorem
applied to the constant vector field F3, we have

/Ung:Ao—Al.
b
Thus, by using EZ = V3 and v, Vs = Vi and the divergence theorem, we obtain
5.,40—(5./41 = 5/1/3d2
)

_ / ((0vs)dS + v50(d3))

/ (=Y + 1€, E3) + vs(dive — 2H) dS
)

74 (—Bn3) + v (€,) d3. (7)
ox

Define a unit tangent ¢ to 9% as t := v x n. By considering variation vector fields X which vanish
near one of the boundary components, (7) gives

o= [ xBXyas,  oa=— [ GxEE) s
Co 1

so that

5W=w0/ (thg,X>d§—w1/ <t><E3,X>d§.
Co Cl

Combining these formulas gives the first variation formula

o€ = —/EAz/JdE—&—jio(tx (x + woEs), X) d§+jil(t>< (x — w1 Bs), X) ds. (8)



Proposition 3.1 An immersion X : (X,0%) — (Q,09) is a critical point of £ among all surfaces
in I if and only if there holds:
A=Ay, inY, 9)

for some constant Ay and
(x, E3) = —(=1)'w;, onCj, i=0,1. (10)

Proof. Assume first that (9) and (10) hold. Because of (5), the surface integral in (8) vanishes for
any admissible variation. Note that (10) implies that ¢ x (x + (—1)'w;F3) is proportional to Fj3
along C; and so for any admissible variation vector field the boundary integrals in (8) vanish.

Conversely assume that §€ = 0 for all admissible variations. By considering admissible, com-
pactly supported normal variations of X, one sees that (9) holds.

Suppose that (10) does not hold on some boundary arc & C Cy. We may assume for conve-
nience that (x + woFs3, E3) > 0 holds on some open arc a C Cy. We can find a continuous map
Z : Cy — R?® such that (Z,F3) =0, Z=0o0n Cy\ o and (t x (x +woFE3),Z) > 0 with strict
inequality on some open arc. It is easy to see that Z may be extended to an admissible field on X.
Writing Z = v+ £ it is clear that ¢ can be extended to a function vanishing on C; and satisfying
(4). Thus, we see that the first variation for this admissible field does not vanish which yields a
contradiction. q.e.d.

Definition 3.1 We call an immersion X : (X,0%) — (2,09Q) a capillary surface (for the energy
&, or, for F) if X satisfies (9) for some constant Ay and (10) holds.

We will concentrate on the case where F(v) (v = (v1,v2,v3)) is a function of one variable, say
F = F(Vg).

Proposition 3.2 Let F = F(v3) be an integrand for a rotationally symmetric anisotropic surface
energy, and let o, II; be two horizontal planes {x3 = constant.}. Then, the angle between a
capillary surface X : (£,08) — (2,IIp UIIly) and the bounding planes I1g U II; must be locally
constant along the boundary in the sense that there exists a unique value c; which depends only on
F and w;, i = 0,1, such that v3 = ¢; holds on 0% N X ~1(IL;).

Proof. The boundary condition (10) becomes
(F'(v3) B3 + (F(v3) — F'(v3)u3)v, E3) = —(=1)'w;,
which can be expressed as
g(v3) = (1 = V) F +v3F = —(—1)'w;. (11)

Since
dWw3) =1 —vHF' —wsF +F=1/u; >0 (12)

holds, g is monotonically increasing and is hence injective. q.e.d.



Corollary 3.1 If the number —(—1)'w; does not satisfy the inequality
—F(=1) < —(-D'w; < F(1), (13)

then the solution of the free boundary problem with non-empty boundary component in Il; does not
ezist.

Proof. Suppose there exists a solution of the free boundary problem with non-empty boundary
component in II;. Then, in view of (11) and (12), there exists some v3 € [—1,1] such that w;
satisfies

9(=1) < g(r3) = —(=1)'w; < g(1),
which implies the inequality (13). q.e.d.

Corollary 3.2 If a capillary surface X : (£,0%) — (2,09Q) for F = F(v3) is an embedding, then,
X is a surface of revolution with vertical rotation axis, and its genus is zero.

Proof. Since D?F + F1 is positive definite, the equation A = constant is absolutely elliptic in
the sense that its linearization is elliptic at any sufficiently smooth surface (cf. [6]). Hence a
maximum principle analogous to that for constant mean curvature surfaces holds for surfaces of
constant anisotropic mean curvature. Therefore, if a capillary surface X : (3,0%) — (Q,09) for
F = F(v3) is an embedding, then, by the Alexandrov reflection methods and Proposition 3.2, X is
a surface of revolution with vertical rotation axis, and its genus is zero. As for the application of
the Alexandrov reflection methods to surfaces with boundary, we refer the readers to [7] and omit
the details here. q.e.d.

Let X be an embedded capillary surface for F' = F(vs). Then, from Corollary 3.2, X is
represented as follows:

X : [s0, 1] X St —Q, X(s,0) = (x(s)ew,z(s)),

where s is an arc length parameter of the generating curve (z(s), 2(s)) of X and we may assume
that
X ({s0} x S*) c T, X({s1} x 8Y) c 11y, z(s0) < z(s1)

holds. Since v is the outward pointing unit normal of X, it holds that
v=(v1,1,v3) = (2 (s)e'?, —2/(s)).

Set
(x',z’)|oi = (cosn;,sinmn;), i=0,1.

The following result will explain the influence of the sign of the wetting energy on the angle between
a capillary surface and the bounding planes, and it will be used in Section 11.

Lemma 3.2 Assume that F'(0) = 0 holds. Then,

wy > 0 <= cosny >0, wy =0 <= cosny =0, wy < 0 <= cosny <0,



wy > 0 <= cosn <0, w1 =0<4=cosn =0, wy <0 <=cosn >0

holds. Moreover, if F(v3) is an even function, then
Wo = wy <= COSTy = — COS Ty
holds. Further more, if F =1 holds, then
cosm; = (—1)'w;
holds.
Proof. By assumption and (11), g(0) = 0 holds. Therefore,
wo >0 <= g(v3)|c, <0 <= v3]lc, <0+ 2'|¢, >0,

w1 > 0= g(3)|lc, > 0= v3|c, >0<= 12|, <0

holds.
If F(vs) is an even function, then g(r3) is an odd function. Therefore,

wo = w1 <= —vslc, = V3lo, <= 2'|c, = —2|cy
holds. q.e.d.
Proposition 3.3 Let F be a rotationally symmetric anisotropic surface energy. Let Iy, I1; be two

horizontal planes. And let X : (X,0%) — (Q,IIo UILy) be a capillary surface. Then for admissible
variations with variation vector field € 4+ 1yv, the second variation of energy is given by

#¢ =~ [ WLldE+ § uBly)di =Tl (14)

where L is the self-adjoint Jacobi operator

L[] := div(AVY) 4+ (Adv, dv)y, (15)

A:= (D?*F + F1)|,,

and ]
Bl = (1 AVY) = (1) (cotn;)(k1/pa)w,  sinm; 7 0,
1= P sinn; =0
, i
on Cj;.
Proof. We will denote by “ 7 the derivative with respect to the variation parameter. The first

variation formula (8) above gives,



using X = £ 4+ ¢v. This is valid for any surface, so we can take the variation of the previous
formula at an equilibrium surface A = Ag, to obtain

52 = — AdY + Agd dy dX —1)'w; E3), X
£ /Ew +O/E¢ +ng< % (x + (~1)'wiEy), X)

+?§62<dx X X, X) + fgzux x (x + (=1)'w; E3), X) .

The second integral vanishes since the variation is volume-preserving to all orders. As we saw in
[10], _
A= Lyl + (VA,E)
holds. Now since A = Ay, .
A = L[]

holds. We can therefore express the previous formula for §2€ as
628 =: — / YL dA+ T+ 11+ 111,
b

where I, 11,111 represent the boundary integrals.

For an admissible variation, we have (X, F3) = 0 along 9%. Differentiating in the ¢ direction
gives (dX (t), E3) = 0 along d%. The condition (10) implies that ((x 4 (—1)w; Es, E3) = 0 along
A% also. Tt follows that I = 0 since (dX x (x 4+ (—1)'w;F3),X) = 0 since the three factors are
coplaner.

Similarly, 711 = 0. If the variation maps 0% into 99 to all orders, then (X, E3) = 0 and so

(dX x (x + (—1)'w;E3), X) = 0 since all three factors are coplaner.
We now consider II. Recall that t = v x n. And so dX = ¢ ds holds on 9X. Note that

x = dx(?) = (D?*F 4 F1)(=V4 + 1,£) = A(=V¥ + 1,£).

Hence, we have

{tx%,X) = —(txX.X)
= —(Un+(t x§), A(=VY +1.8))
= ¥(n, AVY) — ¥ (n, An.g).

In the third line we have used that ¢ x £ is normal to the surface. At any point of 9% where sin 7;
vanishes, 1 vanishes and so the integrand of I vanishes. Now we consider any point of 9% where
sin”; does not vanish. On C}, since

v = (sinn; cos 8, sinn; sin 6, — cosn; ), n = —(—1)%(cosn; cos 6, cosn; sin 8, sin 1;),

we write B3 = —(cos7;)v—(—1)*(sinn;)n. Then from 0 = (X, E3), we obtain (¢,n) = —(—1)%) cot n;.
Therefore, on C;,

(n, Av,€) = (v An, €) = —L(n,€) = (1) iy cotp (16)
251 H1

Combining these formulas shows that (14) holds. q.e.d.
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Definition 3.2 A capillary surface X : (2,0%) — (Q,09) is said to be stable if the second
variation 62€ of £ is nonnegative for all admissible variations of X, otherwise it is said to be
unstable.

The analytic condition for stability is thus

Proposition 3.4 A capillary surface X : (3,0%) — (Q,09Q) is stable if and only if

mf(- /Z VLW S+ ¢ ¢BlY] d§> >0

holds, where the infimum is taken over all smooth functions v which satisfy
(i) Y(w) =0 for w € IX where X is tangent to OS2,
and

(i) [ dS =0.

4 Minimizing property of the Wulff shape

The method of this section is essentially the same as that used by Winterbottom [14] which proves
a minimizing property of the part of the Wulff shape with free boundary on a plane.

Let F be an anisotropic energy defined by a rotationally symmetric elliptic integrand F' = F'(v3).
We let W be its Wulff shape. Let W be a region in W which is included in the closed domain 2
bounded by two horizontal planes II;, j = 0,1, with Il being the lower of the two. If x denotes
the position vector of W, then we have seen that W7 is in equilibrium for the functional

E=F+woAo+wi A,

where wp, w; are constants which are defined as follows: If II; N W =: Cj is not empty, then
wj = —(=1)7(x, E3)|c,. If II; N W is the empty set, then any real number can be chosen as
wj. Applying the divergence theorem to the position vector X gives, £(W;) = 3V (W1) where V
denotes the enclosed 3-volume.

For any compact embedded surface S with finitely many boundary components on Il UIl;, we
let S be the closed surface consisting of S together with the planer regions enclosed by SN (IToUII;).
If S encloses volume (the usual volume with respect to the Lebesgue measure) V', then we say that
S encloses volume V.

We will show:

Theorem 4.1 Assume that both of llgNW and Iy NW are circles. Among all embedded surfaces
S with free boundary on My UIL; (or without boundary) which enclose the same volume as W,
there holds

EWr) < E&(9). (17)

Consequently, W7 is stable.

More generally, we can show the following result by the same method we will use below to
prove Theorem 4.1.

11



Theorem 4.1" Assume that both of I N W and II; N W are circles. Let IT}, i = 0,1 be any pair
of horizontal planes with 11}, being the lower one. Consider the following energy functional for
embedded surfaces with free boundary on Iy UL, (or without boundary):

5, = .7:-’-(4]0./46 +W1A/1 s

where A;- is the area of the planar region in H;- bounded by the boundary components of the con-
sidered surface. Assume that S is such an surface and S U (IIf UII}) encloses the same volume as
Wi. Then there holds

E(Wr) <E€(9).

Also in the case where one of ITo N W, II; N W is the empty set, W7 has a minimizing property
for the energy functional in the sense of the following result. It is proved in a similar way to the
proof of Theorem 4.1, and the detail is left to the reader.

Theorem 4.2 Assume that IIgNW (resp. II1 NW) is the empty set. Among all embedded surfaces
S with free boundary (possibly the empty set) on Iy (resp. Ip), and S NIy (resp. SNIy) is the
empty set, and enclose the same volume as Wy, there holds

EWy) < E&(9). (18)
Consequently, W1 is stable.

Remark 4.1 If one of IIo N W, II; N W is the empty set, in general, it is not true that Wi is a
minimizer of the energy among all embedded surfaces S with free boundary on ITy U II; enclosing
the same volume as Wj. In fact, the following example gives a counter example: Denote by h the
distance between Il and II;. We consider a half sphere S; with boundary on IIy UII; and a part
K, of a cylinder with boundary on IIy U II; both of which enclose volume V. Then, it is easy
to check that the area of S is smaller than the area of K; if and only if (2/3)*7h3 > V; holds.
Therefore, in the case where 1 < h < (3/2)'/? holds, a half sphere with radius 1 is not an energy
minimizer for F' =1 and wy = w; = 0. Since the Wulff shape for F = 1 is the sphere of radius 1,
this gives the counter example we wanted to have.

Remark 4.2 We can give a generalization of Theorem 4.2 analogous to the generalization of
Theorem 4.1. However, we will omit its statement.

Proof of Theorem 4.1. Let v be the Gauss map of W;. Note that S?\ v(W;) has two components.
We denote by €, the component containing (—1)/T'Fs. For N € §2\ {(—1)/*1E3}, let N be
the point on v(C;) which lies on the geodesic through N and Es. As before, for N € S2, let
X(N)=DF(N)+ F(N)- N and define the function

F(]\Z), N € U(Wl),
g(N)={ (X(VO),N), N €\ {(-1)+ Es},
(B, (1) Ey), N = (~1)7+1E;.

Note that g is continuous on S? since F(N) = (x(N)), N) on C;. The use of E; in the last part
of the definition is somewhat arbitrary since (x(N)), E3) has the same value for all N.

12



The proof of the theorem will follow from:

Claim 1. Let G be the anisotropic energy functional associated with the function g defined above.
Then for any S as in the statement of the theorem, there holds

G(S) < £(S) . (19)

In addition, equality holds for Wj.
Claim 2. W, is the Wulff shape of the functional G, i.e.

as defined in (2).
Assuming both these claims for now, we let S be as in the statement of the theorem. Then
applying Wulff’s theorem ([3]), we have

EWh) =G(W,) <G(S) <&(5),

and the result follows.
Before proving the claims we note the useful inequalities:

(x(N),v) < F(v), VYv,NecS§?, (21)

<§7V>§F(V)7 Vyesz’ fGBF, (22)

where Bp denotes the three dimensional region interior to W (F'). These inequalities follow imme-
diately from the definitions in Section 2 and the fact that x(-) is the inverse of the Gauss map of
w.

Also, we consider the function on S? defined by

a(v) == (x(v), E3) = F'(v3) + v3/ 2.

As noted above d,,a0 = 1/p1 > 0 and so « is an increasing function of vs.
We now prove the claims. Let N denote the Gauss map of S. We have

G(S) =G(SN{N € v(W)}) +G(SN{N ¢ v(W1)}) + G(S N (II; UIL,)) .

We have
GSN{N e v(W)}) = F((SN{N € v(W1)}). (23)

Note that on the set {N ¢ v(W7)}, we have g(N) < F(N) by (21) and the definition of g. Thus,
GS NN ¢ o(Wh)}) < F(SNAN ¢ (W)} . (24)

Finally, on S N1I;, we have N = (—1)’*!E3 and so
G(S ML) = (~1 7 ((BY), E3) Ay (S) (25)

By combining (23), (24) and (25), we obtain (19). Note that when S = Wy, {N ¢ v(W1)} is empty
and so equality holds in (19). This proves the first claim.
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We move on to (20). Let £ € Wy. Then in particular £ € W and so

(&, N) (&, N)

sup = sup =1
Nev(Wh) g(N) nes2 F(N)

To show that £ € W(g), it remains to show that (¢, N) < g(N) for all N ¢ v(W;). We write
& = x(v). We assume that N € Q; and we write

N = \/1 — N2+ (N2 NO 4 (Ny — NV Es . (26)
Note that (N3 — Nél)) > 0 holds. Because £ € W, we have
(€ NW) < FIVW) = (y(NW), NV) . (27)
By monotonicity of «, we have
(€ Es) = a(v) < a(NW) = (x(ND), B) . (28)

Using (26) and the last two inequalities, we have

EN) = 1- N2+ (M) (6, NO) 4 (N5 — KD) (€, Bs)

V1= N2+ (F0)2 (((F0), KO 1 (N5 — ) (x (FD), E)
(D), )
= g(N).

The case when N € €5 is similar.

We next show that W, UII; C W(g). Let £ € W, NII;. Note that W, NII; C Br and therefore
(¢,v) < F(v) for all v € S?. Therefore (¢,v) < g(v) for all v € v(Wy).

Now let N ¢ v(WW;). We assume first again that N € Q;. Note that the inequality (27) still
holds since ¢ € Bp. Also, for £ € W, N1y, (x(NW), B3) = (¢, E3) for all N € ;. Therefore we
have equality in (28). If we express N using (26), then following the same steps as above yields
(¢,N) < g(N). Similar arguments cover the cases N € Qy and £ € W, NIl,.

We therefore have that W, is contained in W(g). Since W, is a closed, convex surface, W, =
W(g) holds. q.e.d.

IA

5 Anisotropic Delaunay surfaces

We will refer to a surface of revolution with constant anisotropic mean curvature for a rotationally
symmetric energy functional as an anisotropic Delaunay surface. Such surfaces were studied in
detail by the authors in [10]. We will summarize important results about them which will be
required in the following sections.

Consider an anisotropic Delaunay surface ¥ parameterized by

X(5,0) = (x(s)e”, 2(5)) ,

14



where (x(s), z(s)) is the arc length parameterization of the generating curve, and z(s) > 0 holds
for all s. We have identified R? with C x R in the formula above. The Gauss map of the surface
X is given by
v=(2(s)e"?, —2'(s)).

We choose the orientation of the generating curve so that v points “outward” from the surface.
We denote by X[s1, s2] the restriction X|, 5,]xs1 of X. There is a natural map from the surface
to the Wulff shape W defined by the requirement that the oriented tangent planes to both surfaces
agree at corresponding points. Thus, if W is parameterized as

X(0,60) = (u(0)e”, v(a)),
then at corresponding points the outward pointing unit normals must agree and we have

2 =u,, 2 = v,. (29)

In [10], we showed that the profile curve (x, z) satisfies the equation

2xz2!

. +Az? =c, (30)
2

where A is the anisotropic mean curvature and c is a real constant called the flux parameter.
Also, —pus9 is the principal curvature of the Wulff shape in the 6 direction. Since W is a surface of
revolution, we have s = ua(vs) = pa(—uy) = pe(—2") by (29). Computing the principal curvature
— g = —v,/u, (30) can be expressed as

2ux + Az’ = c. (31)

The orientation of an anisotropic Delaunay surface may be chosen so that A < 0 holds and
then the anisotropic Delaunay surfaces fall into six cases as follows:

e (I-1) A =0 and ¢ = 0: horizontal plane.

I-2) A =0 and ¢ # 0: anisotropic catenoid.
II-1

. A <0 and ¢ = 0: Wulff shape (up to vertical translation and homothety).

)
) A <0 and ¢ = ((p2]vs=0)?|A|) ™1 cylinder of radius (pa|ys—o|A|) 7.
)

(

(
o (II-2
e (I-:3) A < 0 and ((p2|ys=0)%|A])~F > ¢ > 0: anisotropic unduloid.
e (II-4) A <0 and ¢ < 0: anisotropic nodoid.

Any surface in each case above is complete, and it has similar properties to the corresponding
CMC surface in the sense of the following Lemma.

Lemma 5.1 ([10], [11]) (i) The generating curve C : (z(s), z(s)) of an anisotropic catenoid is a
graph over an interval of the z-axis, and z'(s) # 0 for all s. C' is perpendicular to the horizontal
line at a unique point.

(ii) Let (x(s), 2(s)), (x > 0), be the generating curve of an anisotropic unduloid or an anisotropic
nodoid. Then, there is a unique local maximum B and a unique local minimum N > 0 of x, which
we will call a bulge and a neck respectively.
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(iii) The generating curve C : (z(s), 2(s)) of an anisotropic unduloid is a graph over the z-axis,
and 2'(s) > 0 for all s. C is a periodic curve with respect to the vertical translation, and the region
from a neck to the next neck (and/or a bulge to the next bulge) gives one period. Therefore, C' has
a unique inflection point (x, z) between each neck and the next bulge, which satisfies x = \/c/(—A).

(iv) The curvature of the generating curve C' of an anisotropic nodoid has a definite sign. C' is
a non-embedding periodic curve with respect to the vertical translation. The region from a neck to
the next neck (and/or a bulge to the next bulge) gives one period.

Moreover, for an anisotropic catenoid, we can prove the following:

Lemma 5.2 The generating curve C : (x(s),2(s)) of an anisotropic catenoid is a graph over the
whole z-axis.

This result will be proved at the end of this section.
For our stability analysis and our proof of Lemma 5.2, we will need a representation formula
for the profile curves which is summarized in the following result from [10].

Proposition 5.1 ([10]) Let W be the Wulff shape of a rotationally symmetric anisotropic surface
energy F. Let
o (u(o),v(o)), o€ (—o0,00),

be the profile curve of W, where o is the arc length. Then
,u;lva —u=0

holds. Let X(s,0) = (x(s)e®, 2(s)) be a surface with constant anisotropic mean curvature A < 0,
and let the Gauss map of X coincide with that of W at s = s(o). Then X is given as follows.
(i) When X is an anisotropic catenoid,

x=c/(2u)

for some nonzero constant c.
(ii) When X is an anisotropic unduloid,

u+ vVu? + Ac
—A

xr =

for some constants ¢ > 0 and A < 0, where x = x(u(0)) is defined in {o|u > v/—Ac}.
(i) When X is an anisotropic nodoid,

u+Vu? + Ac
—A

Tr =

for some constants ¢ < 0 and A < 0, where x = x(u(0)) is defined in {—oc0 < 0 < 00}.
In all cases above, z is given by

u
z :/ Vy Xy dut. (32)
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Conversely, for a Wulff shape W defined as above, define x and z as in (i) ~ (4i) and (32).

Then X (s,0) = (x(s)e'?, 2(s)) is an anisotropic Delaunay surface which satisfies
2/61251‘ +Az? =¢,

where s is the arc length of (x,z), and A is supposed to be zero for Case (i). Moreover, X has the
same reqularity as that of W.

Proof of Lemma 5.2 Assume that z is bounded. Then (since dz = z,v,du = —u~"2v,du), u=2v,du
must be integrable near « = 0. Since v is a monotone function of w, this implies that v, /u — 0 as
u — 0. And S0, Uyy|u=0 = 0 holds, which implies that the curvature of the generating curve (u,v)
of the Wulff shape W is zero at u = 0. This contradicts the assumption about W. q.e.d.

6 Second variation for anisotropic Delaunay surfaces

In the rest of the paper, we will study the stability of embedded capillary surfaces (3,0%) —
(Q,09) for F = F(v3). In view of Corollary 3.2, they are parts of anisotropic Delaunay surfaces.
Since we have already determined the stability of parts of the Wulff shape (§4) and the cylinder
([11]), we will restrict ourselves to considering the stability of parts of the anisotropic unduloids,
nodoids and catenoids. In all of these cases, a capillary surfaces X : (X,0%) — (2,09Q) has two
boundary components. In this section, we will give some formulas for the second variation for these
surfaces, and we will give a criterion for the stability by decomposing each admissible variation
into its rotationally symmetric part and the remainder.
We may represent X as

X(s,0) = (z(s)e', 2(s)), s1<5< s9.

Let
X=X +e(&+9v) + O()

be a variation of X. Then,

L] = a7y ads)s + (ug e e)o} + (Adv, dv)d

= () g e e+ (a8 — ) 4 @) e (33)
Note that on C;, (2/,2") = (cosn;,sinn;) holds. Therefore, in case where sinn; # 0,
BlY] = (n,AVY) — (=1)"(cotn;)(k1/p )y
g o ) — (1) ot m) (@ — 22" )
= — (=1 {s + (cotms) (22" — 2'2")0)}

= D e @) — )
= DM W) on G (34)

First we consider rotationally symmetric variations. If X, is a rotationally symmetric admissible
variation of X, then X, is represented as a variation C, of the generating curve

C(s) = (z(s),2(5)), 51 <5 < 89,



of X, here, the parameters s = s1, so correspond respectively to the curves Cy and C;. Set
C. = C + €(¢C" +1hp) + O(€?),
where

C'= (2,7, v=(,-2).

Set
. (k1)? | (k2)?

L['l/}] = (uflxwl)/ + de’ Q = Ql -z, Ql = <Ad1/, dl/> _ 4 7
H1 M2
O ! ; — 1 P () ey
Bl = { 1510 ) = el = G, 20 )

on C;. For a surface of revolution generated by (z(s), z(s)), k1 and ko are given by

! ! 11 — !
ki=a"2 -2’2, ko = —2 12,

Then, the second variation of the energy is given, from (14), (33) and (34), by

iy = 2a - [ wEl]ds + BBV ). (36)

Next we consider general variations. Let
Xe=X +e(€+vv) +O()

be an any admissible variation of X. Define functions ¢ and ( as
2m
p:i=02m) " [ pdi, (=v¢—o.
0

We remark that pg, e, @1, and ¢ are independent of 6, and ¢ has a period 27 with respect to the
variable # and satisfies the following equalities.

27 2
/ Cdo= [ (.df=o. (37)
0 0

Note that, from (14), (33), (34) and (37), we have

S fym{ el g el Q2 badgds — [y e (2" /) (R + ()] dO, i 2 A0,

W= o pon iy ’
S 1L e - Quu? fedods, T
(38)
We obtain
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Lemma 6.1

o ) 5 9 o 2 -2 2
/ () +$(%)_Qw&w2/‘(@)+(x—QJ?W+%{“®—QMﬁ7@%
0 M1 M2 o M1 H2 m

here equality holds if and only if ((s,0) = a(s) cos@+b(s)sinb for some a,b which are independent
of 6.

Before proving Lemma 6.1, we recall the Wirtinger’s inequality (cf. [6, pp.50-51]):

Lemma 6.2 For any function ((0) with period 2w which satisfies fo% ¢df = 0, the following
inequality holds:

27 27
| @iz [, (40)

0

here the equality holds if and only if ((0) = acos + bsin€ for some a,b which are independent of
6.

Proof of Lemma 6.1. By using (37) and Lemma 6.2, we see

27 2 -2 2 2m 2 —2 2
/ W) | @ (f‘)) — Q) = / Rt e CO L) WO Y
0 0

M1 H H &
27 2 -2 2
:(/ GO e CO LW
0 M1 H2
o 27 2
bo [ G Q1Cgad0+/ ()" _ Qup?do
0 K1 0 H1
27 2 -2 2 2 2
_ / ((:S) n x (C@) _ QlCQdQ +/ @ — Ql(p2d9
o M H2 0 "
2 2 -2 2
. / (¢)?* (x_Q1><2d0+2W{W—Q1§02}~
0 M1 H2 K1
q.e.d.
Set

C[s1, 82] := {u € C([s1, s2])|u(t) = 0 for t € J[s1, s2] where 2'(t) = 0.},
CX(X) := {¢ € C*°(Z)|¢ vanishes at any point in ¥ where X is tangent to 99Q.}.
For any function ¢ € C2°[s1, s3] and for any function ¢ € C°(X), set

J[C] = (/Ll_l‘xCS)s - x(/ua_lx72 - Ql)(a
sz—/&wmw+mamm.

And, for any function ¢ € C2°[s1, s2], set

ﬂﬂszZMﬂ%+w&ME- (41)

S1

By using (38) and Lemma 6.1, we immediately obtain the following.
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Lemma 6.3 For any function ¢ € C(X), set

2m

@ = (2m)"" ; Ydf, C:=1v—e.

Then,
27

Iy > 0 J(¢] db + 27 T[]

holds. Here the equality holds if and only if ((s,0) = a(s) cos + b(s)siné for some a,b which are
independent of 6.

We will show:

Proposition 6.1 X is stable if and only if both of the following (i) and (ii) hold.
(i) For any function u € C2°[s1, s2],

Ju] = —/82 uJu] ds + [uB1[u]]? >0

S1

holds.
(ii) For any function ¢ € C2°[sy, sa| satisfying f:lz prds =0,

7= - | " okl ds + [pBilgl] > 0

s1

holds, that is, X is stable for rotationally symmetric variations.

Proof. We will prove Proposition 6.1 for the case where z’ # 0 holds at any point of 9%. In the
case where z/ = 0 at some points of 9%, the proof is similar.

If both of (i) and (ii) hold, then, by Lemma 6.3, the stability of X holds.

We will prove the converse. First, suppose (ii) does not hold. Then, there exists a function
©(s) on [s1, s2], such that

- _ * (‘p/)Q o 2 7,1 1"\ 2182
pzds =0, p Qup” pads — [py (2" /273 <0

1

holds. Set
U(s,0) = @(s).
Then,
/Ewdz ~0, T[] <0

holds, and therefore X is unstable. Next, suppose (i) does not hold. Then, there exists a function
u(s) on [s1, s2], such that

/:2{(“/)2 + (35_2 — Q1>u2}xds — [Mflx(zl’/z’)UQ}if <0

125} H2
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holds. Set
¥(s,0) := u(s)sin 6.

/EwdE:O,

Then,

and, from (38),

So 2T ’ . 2 9 9 )
I = / / {(u sin 9) L7 (ucost)” Oy sin® G}x d0ds _/ (Y] sin 6
5140 1251 1% ;
82 )2 -2,2
- ”</ {%Q+xu: —Qﬂf}MS—mfxuwzmﬂz)<o

holds, and therefore again X is unstable. q.e.d.

7 Eigenvalue problems associated with the second variation
Let X : (3,0%) — (Q,09),
X(5,0) = (z(s)e”, 2(5)), s1<5< 82,

be a capillary surface.

Let us define some function spaces associated with X. Denote by L?(3), (resp. L?([s1, s2])), the
usual Hilbert space completion of C*°(X), (resp. C*°([s1, s2])), with respect to the norm defined
by the inner product

(Y1,%2) 2 :/Ewlwsz, (p1,92) 12 :/ 29018026187

respectively. We denote by H!(X), (resp. H'([s1, s2])), the completion of C*°(X), (resp. C*([s1, s2])),
with respect to the norm defined by the inner product

ED
(Y1,¢2)mr = /(1/111#2 + Vi Vip2)dS,  (o1,92)m :/ (P12 + 12" )ds,
P S1
respectively. Here Vi1 Vipo denotes the inner product of the gradient of ¢; and that of 1o with
respect to the Riemannian metric of ¥ induced by X.
In view of Proposition 6.1, we will consider three eigenvalue problems associated with the second
variation of the energy as follows:

LWl = M, Bldllas =0, e H (51,5 x 81) = H\(S), (12)
L[‘P] = _/\x@a B [90“8[51,52] =0, p e Hl([slv 52})7 (43)
Ju] = =X au, Bi[u|ssy,5,] = 0, u € H'([s1,52]). (44)
We denote the eigenvalues of L by A1[s1, sa] < Ag[s1, s2] < As[s1,s2] < ---. Since L (resp. J) is

a Sturm-Liouville operator, the eigenvalue problem (43) (resp. (44)) has a discrete spectrum, all
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eigenvalues are real, and the multiplicity of each eigenvalue is one. We denote these eigenvalues
by Aifs1,s2] < Aals1,s2] < Ag[si,s2] < -+ (vesp. A{[s1,s2] < AJ[s1,s2] < ---). Then, each
eigenfunction belonging to A;[s1, sa] (resp. A/ [s1, s2]) has exactly i — 1 zeros in (s1,s2). And each
eigenfunction of the problem (42), (43), or (44) belonging to the first eigenvalue has a definite sign
in the interior of its domain.

Denote the support function of X by ¢, that is

q:=(X,v) =2 — 22

Lemma 7.1

L] = L) = Ljvs] =0, (45)
LI = 272py (46)
Liz'] = 0, (47)
J[Z'] =0, (48)
~ Tz zk1 ,
Llq] = —Ax, Bilq] = T = ks (for 2" #0), (49)
B[] = B[] =0, (50)
Bloa] = (<)), B =o' T = - (or 220, (1)
B[Z'| = 0= By[#']. (52)

Proof. The Jacobi operator measures the infinitesimal variation of the anisotropic mean curvature.
Since a translation does not change the anisotropic mean curvature, we have, for any constant
vector a € R3, L[(v,a)] = 0. In particular, we have L[v;] =0, (i = 1,2,3). Therefore,

0= L[-v3) = L[z] = x_lL[a;’].

Set

Then we have
0= L[va) = L[Z'sin0] = [z~ (p] 'eus)s — py '™ u} + Qrulsin@ = 2~ (sin 0) J[u],

L[] = 27 (py 'oug)s + Quu = 225 .

Moreover we compute
B[] =2"—(2"/2") =0 (for 2’ #0),

B[] = —(=1)'a"'Bi[] =0,  onCj,
Blvi] = B[z’ cos 6] = —(—1)'z" ' B;[2'] cos§ = 0, on Cj,
Blvy] = B[/ sinf] = —(—1)'z"'B,[¢']sinf = 0, on Cj,
Blvs] = Bl-a'] = (~1)u " — (/') = (~1iu ()20 — ')

The other equalities are obtained by some simple direct computations. q.e.d.
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Proposition 7.1 Assume that z'(s) # 0 for all s € (s1,82). Then, X is stable if and only if X is
stable for rotationally symmetric variations.

Proof. In view of (48) and (52), 2’ is an eigenfunction of the problem (44), and the correspond-
ing eigenvalue is zero. If 2/(s) # 0 for all s € (s1,5s2), then A\{[s1,s2] = 0 holds. And so (i) in
Proposition 6.1 is satisfied. Therefore, by Proposition 6.1, X is stable if and only if X is stable for
rotationally symmetric variations. q.e.d.

When the problem (43) has zero eigenvalues, denote by E the eigenspace of zero eigenvalues,
and by E*t its orthogonal complement in L?([sy,s2]). In view of Proposition 7.1, the following
lemma is proved by a modification of the proof of Theorem 1.3 in [8].

Lemma 7.2 Assume that 2'(s) # 0 holds for all s € (s1,52). For convenience, we denote Ails1, 59
by A;.
(IZ;; If 5:1 >0, then X is stable.
(IT) If M1 < 0 < Ag, then there exists a uniquely determined function ¢ € C°[sy,sa] satisfying
L[¢] = = and B1[¢]|s[s,,s,) = 0, and the following (I1I-1) and (II-2) hold.
(I1-1) If f:lz ¢x ds > 0, then X is stable.
(I1-2) If [;* ¢z ds < 0, then X is unstable.
(IIT) If Ay = 0, then, for an eigenfunction o belonging to 0, the following (III-A) and (I1I-B) hold:
(III-A) If fssf pox ds # 0, then X is unstable.
(I11-B) If f:f poxds = 0, then there exists a uniquely determined function ¢ € E+-NCX[sq, s3]
satisfying L[¢] = = and Bi[#]|a[s,,s5) = 0, and the following (I1I-B1) and (I1I-B2) hold.
(III-B1) If f:lz ¢x ds > 0, then X is stable.
(I1-B2) If [* ¢ ds < 0, then X is unstable.
(IV) If Ay < 0, then X is unstable.

Lemma 7.3 Assume that 2'(s) # 0 holds for all s € (s1,s3). Then, Ai[s1,s2] < 0.

Proof. We know, from Lemma 7.1, L[;] = 0 and B[r;] = 0. Therefore, 0 is an eigenvalue of the
problem (42). Since the number of the nodal domains is two, A; = 0 for some j > 2. Therefore,
Z[¢] < 0 holds for some ¢ € C2°(X). Hence, from Lemma 6.3,

2

0>Z[] > [ T do+27Z[]

holds, where
27

= (2m)7" | Ydi, C:=v¢—ep.

On the other hand, using the same method as that was used in the proof of Proposition 7.1,
JI¢] > 0 holds. Therefore, 3
0> Z[¢] > 2nZ[y]

holds, which implies that A;[s;, s2] < 0 holds. g.e.d.

Lemma 7.4 Assume that X is not a part of a cylinder. Assume also that 2'(s) # 0 holds for all
s € (s1,82). If X has no inflection point on s1 < s < s9, then \; := \;[s1, s2] satisfies A1 < 0 < Asg.

23



Proof. Since Lemma 7.3 implies A < 0, we need only to prove that A2 > 0 holds.

We will prove this only for the case where X is a part of an anisotropic unduloid. For the case
where X is a part of an anisotropic nodoid or catenoid, the proof is similar. We may assume that
s = 0 corresponds to either a bulge or a neck. Let s = s;, s = —s; (s; > 0 and s; > 0) correspond
to the successive inflection points of the extension of X.

For § € (sy, s2), denote by A;([s1, 8]) the first eigenvalue of the problem

E[QO] = _)‘SO in [Slvg]a Bl [@]‘8281 = 07 @(‘é) =0. (53)
And denote by A;([3, s2]) the first eigenvalue of the problem
Llp] = —Ap in [3, s3], ©(8) =0, Bi[¢]|s=s, = 0. (54)

By applying the min-max principle, we have

st i) =i ([ origan) ([ o)
(- ) ([ )

o€ C(ls1,8)) — {0}, Brlgllos =0, () = o}

pE CO([Slaé}) - {0}7

¢ is piecewise C'and piecewise CZon [s1, 4],
Balelleen = 0. ¢(5) =0 (55)

(cf. [4]). By using (55) and the corresponding result on A;, we can easily observe the monotonicity
of A1 and A; in the following sense.

Claim 1 If 51 < 09 < 01 < 89, then

M([s1,00]) > Ai([s1,01]), (56)
Ai([o0,52]) < Ay([o1, 52])
hold.
On the other hand, we will show the following:
Claim 2 For any s € (—sy,0), B
A1([s,0]) >0 (57)
holds. And for any s € (0, sy),
A,([0,5]) > 0 (58)

holds.

Proof of Claim 2. We will prove (57). The proof of (58) is similar. Assume —sg € (—s7,0). Let
¢ € C*([—s0,0]) be a non-constant function satisfying

Bi[plls=—sy =0,  ¢(0) =0.
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Since z’ vanishes only at s = 0 on [—sg, 0] and z”(0) # 0 holds, we can define a function ¢ = ¢/z’
on [—sp,0]. We compute

o 0
- / oLlglds / TN (@) ds — ' By o sy

0
- / epT MO ()2 ds — [Ca'wh (117) oo,

here we used (51). If s = 0 corresponds to a bulge, then, 2'(—sg) > 0 and k1(—s¢) < 0 hold. If
s = 0 corresponds to a neck, then z'(—sp) < 0 and k1(—s¢) > 0 hold. Therefore,

0 ~
7/ @Llplds >0

—50

holds, which implies that A; ([—so,0]) > 0 holds.

Now, suppose that o = ;\2[51,82] < 0 holds. We will derive a contradiction. Let e be an
eigenfunction belonging to Ag, that is,

Llel = =Xse,  Bilellofs;.e0] = 0

hold. Then, e(8) = 0 holds only for a unique 5 € (s1,52). Since e does not vanish in (s1, 3), e[[, 3
is an eigenfunction belonging to A;([s1, §]). Therefore,

M([s1,8]) = A2 < 0. (59)

Similarly, ~

A1([8,82]) = A2 0. (60)
Assume that § < 0 holds. Then, from (57), (59) and (56), we get a contradiction. Similarly, § > 0
does not hold. q.e.d.

8 Stability of anisotropic unduloid

Let us assume that X : R x S' — R?, X(s,0) = (x(s)e?, z(s)) is an anisotropic unduloid for a
rotationally symmetric integrand F' = F(v3) and F'(v3) is an even function. We may assume that
s = 0 corresponds to either a bulge or a neck of X and z(0) = 0. Let s; be the smallest positive
number which corresponds to an inflection point of X.

First we will consider the case where s = 0 corresponds to a bulge. Let sy be the smallest
positive number which corresponds to a neck of X.

The following result determines the stability of all symmetric regions of X with respect to a
bulge. It is obtained from Lemmas 8.1, 8.2, 8.3, 8.4, 8.6, and 8.5 below.

Theorem 8.1 Assume that F(v3) is an even function. Let X be an anisotropic unduloid with a
bulge occurring when s = 0.

(i) If 0 < so < sy, then X[—so, o] is stable.

(it) If so > s1, then X[—sq, so] is unstable.

25



Lemmas 8.1 and 8.2 below give the proof of (ii) of Theorem 8.1.
Lemma 8.1 If sy < sg < sy, then X[—sq, So] s unstable.

Proof. By using (41) and Lemma 7.1, we get

Il = fae iy () Rl

Since
!

2’ >0, a'(so)=—a'(—s0) <0, Fki(so)=ki(—s0) >0,
we have R
I[z'] < 0.

Moreover, by the assumption,

/SO d'vds = (1/2)[2%]*,, =0

—350

holds. Therefore, from Proposition 6.1, X[—sp, so] is unstable. q.e.d.
Lemma 8.2 If so > sy, then X[—so, So] is unstable.

Proof. For X[—sy,sn]|, 2 gives an eigenfunction belonging to the second eigenvalue A\J[—sy, sy] =
0 of the eigenvalue problem

Llpl = =X20, ¢lofsisn) =0, ¢ € H'[s1,59] (61)

for [s1,52] = [=sn, sn]. Note that the problem (61) corresponds to the fixed boundary problem. If
so > sn, then AJ[—so, s0] < AY[—sn, sy] = 0 holds. Therefore, there exists an admissible variation
X, of X[—sg,s0] which satisfies X, = X for s = +s¢ and gives a negative second variation of
the energy. Hence, X[—sg, sg] is unstable. If so = sy, then, since 2”(sy) = 0, it follows that
A2[—50, 0] < A3[—s0, 50] = 0 from a similar method to that used to obtain Lemma 13.3 (i). Hence,
by Lemma 7.2 , X[—so, So] is unstable. q.e.d.

Lemma 8.3 5\2[731,31] = 0 holds and X[—sy, s;] is stable.

Proof. Note that 2’ vanishes only at s = 0. Therefore, from (47) and (51), 2’ is an eigenfunction
belonging to the second eigenvalue 0. Since, at any inflection point, x = y/¢/(—A) holds, we have

/ vads = (1/2)[%), = 0.

Hence, this is the case (ITI-B) of Lemma 7.2. We know, from Lemma 7.1, Llg] = —Az and
Bilq]|o[—s;,s;) = 0 hold. Since ¢ = x2’ — 2’2 > 0 holds for —s; < s < s, f:l gz ds > 0 holds.
Now the stability follows from A < 0. q.e.d.

Let w be the even Jacobi field which satisfies



Since 7’ is an eigenfunction belonging to the second eigenvalue zero of the Dirichlet boundary value
problem in —sy < s < sy, there exists a unique value a € (0, sy) such that

> 0, 0<s<aq,

w(s) ¢ =0, s=a,
<0, a<s<Ssy.
Set
pi=xpt

w is represented as

5 ds
/ / 0 < <
c12'(s) + cox (s)/ ) < s < sn,

w(s) = o) ( )SI s ds (62)
—c1x' (8) + cox' (s , —sny<s<0,
' ’ _sp P(E)?

where ¢, co are determined as follows. We observe

i (00 [ 5 ) = Jim, — = = O)a0)"0) " > .

s—+0 p(z')?

lim <x’(s) / ds 2) = lim _}, = —u1(0)(z(0)2”(0)) ! > 0.

s—-0 —SI p(x/)
Hence, from w(0) = 1 and z'(0) = 0,
c2 = —(1(0)) ™2 (0)2"(0) > 0 (63)

holds. ¢; is determined from w’(0) = 0.

Lemma 8.4 Assume that o < sy holds. Then, for any so € (0, @), X[—so, so] is stable.

Proof. Since w(s) > 0 for all s € [—sg, 0], any function ¢ : [—sg, o] — R is represented as
¢ = (w. we compute

fol=— [ oLl as+fomifol, = [ an ()P ds+ CuBilul . (60

We divide the situation into the following two cases:

Case(1) By[w]|s=sy, = —B1[w]]s=—s, > 0.
Case(2) Bi[w]|s=s, = —Bi[w]|s=—s, < 0.

By Lemma 7.4, A[—s0,50] < 0 < Aa[—s0, s0] holds. Therefore, Case(1) does not occur. Therefore
Case(2) holds. On the other hand, since 0 < s¢ < sy, from (49),

Bl [q“s:so > 0» Bl [q”szfsg <0
holds. Therefore, we can take § > 0 so that ¢ := q + fw satisfies

By [90] |S:i50 =0.
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In this case,
i[@]:z[Q]:—A$>O7 / sOJCdSZ/ (¢g+ pw)xds >0

—S0 —So0

holds because ¢, 3, w,z > 0. Hence, by Lemma 7.2, X[—so, o] is stable. q.e.d.

Similarly, we obtain the following:

Lemma 8.5 Assume that o > sy holds. Then, for any so € (0, 1), X[—50, so] is stable.
The following lemma completes the proof of Theorem 8.1.

Lemma 8.6 Assume that o < sg < sy holds. Then X[—sg, so] is stable.

Before proving Lemma 8.6, we compute, for 0 < s < sy,

s ds Cs

w' = c12”" + coa” /SI o @) + o (65)
' —2"w = (e1 + ¢ /S _dlis)(x"zl —a'2") + rin _ (whyz 4 ), (66)
s, oy (2)? xx! xx’
xﬂfl ot 7 1 /
Bi[w] = " (Zw = 2"w) = W(wklx + copr ). (67)

Proof of Lemma 8.6. Note that, for 0 < s < sy, k1(s) < 0 and z”(s) < 0 hold. Since o < s¢ < sy,
from (66), at s = s,

B [w]|s=s, <0 (68)
holds. On the other hand, from (49), Bi[¢]|s=s, > 0 holds. Therefore, we can take 8 > 0 so that

¢ 1= q + Pw satisfies B1[¢]|s=+s, = 0.
First we will prove the following:

Claim 8.1
(,0(8()) >0
holds.
Proof. We compute
s
o = z -2z 4+ ﬁ(clx” + 023:”/ ul/ 5 ds + Cz/h)
s (') xa’
11
= o+ Dtz 4 ) + P2 (69)
From (49) and (66), we have at s = sq,
xkl /602
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By using (69) and (70), at s = sp, we obtain
’ "_ Beapir 2’ + Beapn — (SL‘ _ ﬁC2M1) <0

@ =zxz
xzx'ky zx’ xky

Recall
1 , Z//
L e i O
Since Bi[y]|s=s, = 0, by using (71), we obtain
p(s0) = ((2'/2")¢)s=so > 0.

q.e.d.

In view of Lemmas 7.2 and 7.4, in order to prove Lemma 8.6, it is sufficient to prove the
following:

Claim 8.2 s
/ pxds >0

—50

holds.

Proof. Note that ~ ~ . .
L[] = Llg + puw] = Lq] + SL[w] = —Ax

holds. Therefore,

/oso pa ds = /OSO (q+ pw)z ds = /OSO wds £ B/ /oso A "

holds. We compute

/OS" wLlp] ds = [z(p1) " (wy' — w'@)]g” = [wBi[¢] — pBi[w]]y = ~(¢Bi[w])]s=s,, (73)

here we used w”(0) = 2”(0) = 0. By using (68), Claim 8.1, and (73), we obtain

/SO wL[p] ds > 0. (74)
0

Note that ¢z is an even function. Since ¢ > 0in 0 < s < sg, 8 > 0, and A < 0 hold, from (72)
and (74), we obtain the desired result. g.e.d.

We will now consider the stability of anisotropic unduloids which are symmetric with respect

to a neck situated on the plane z = 0. Thus, we assume that s = 0 corresponds to a neck of X.
Let sp be the smallest positive number which corresponds to a bulge of X.

Proposition 8.1 Assume that F(v3) is an even function. Let X be an anisotropic unduloid with
a neck occurring when s = 0. If sg > sy, then X[—sq, o] is unstable.
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Proof. First we assume that s; < sgp < sp holds. By using (41) and Lemma 7.1, we obtain

I[2') = [xm/ufl(z')_lkl]sj’s[).
Since
2’ >0, a'(so)=—2'(—s0) >0, Fki(so)=ki(—s0) <0,
we have R
I[z'] <.
Moreover, by the assumption,

/ Y e ds = (1220, =0

—3s0

holds. Therefore, from Proposition 6.1, X[—sg, so] is unstable.
Next we assume that so > sp holds. Then, the instability of X[—sg, so] can be proved by a
similar way to the proof of Lemma 8.2. q.e.d.

Lemma 8.7 (i) Ao[—s7,s1] = 0 holds.
(ii) X |[—s1,s1] is stable if and only if fjlsl qxr ds > 0 holds.

Proof. Note that «’ vanishes only at s = 0. Therefore, from (47) and (51), 2’ is an eigenfunction
belonging to the second eigenvalue 0. Since, at any inflection point, = /c¢/(—A) holds, we have

/ vads = (1/2)[%), = 0.
.

Hence, this is the case (III-B) in Lemma 7.2. We have, from Lemma 7.1, L[g] = —A and
Bildlls[—s,,s;] = 0. Therefore, X[—sz, s] is stable if and only if ff;l gz ds > 0 holds. q.e.d.

S

We will compute | L, qr ds.

/ grds = / (22 —2'2)x ds = 3/ 22 dz — (2°2)|s=s,
0

—SI —SI

z(s;){(?)omin x)2 - (x(sI))Q} = z(sl){S(x(O))2 - (x(s;))2}

<s<sy

Y

Therefore, at least, if the surface is near to a cylinder, then f:l qr ds > 0 and so it is stable.

Letting 2’ = 1 in (30), we have

2(0) = (=87 {0 m0) = /(13 o0 + Ac}.

Recall that
z(s1) = ¢/ (=A)
holds (cf. Lemma 5.1). Set
A= N2_1‘V3=0'
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Then,
(4\)2{3(:5(0))2 - (x(sj))z} = 3(A— VA2 T A+ Ac = 2(A — 2V/A2 + Ae)(A — /A2 1 Ao),

and A — v A2+ Ac > 0 holds. So, if A —2v/ A2+ Ac > 0, then the surface is stable. We have
obtained the following.

Lemma 8.8 If
¢ > (3/4)((hy " lva=0)*|AD T,
then X|[—sy,sy] is stable.

Remark 8.1 (i) Because of (3), yi5 ' |vs—0 = F|,,—0. Therefore, for CMC surfaces, p5 *|,—0 = 1.

(if)
< (1 lus=0)?IAD !

holds, and ¢ = ((u5 *|v,=0)?|A]) ! gives a cylinder (cf. Section 5). Lemma 8.8 implies that, if the
anisotropic unduloid X is “sufficiently near” to the cylinder, then X[—sy, s;] is stable.

Example 8.1 We now give an example that shows that when s = 0 corresponds to a neck of an
anisotropic unduloid, the stability of X [—s;, ss] for a fixed value of A depends on the value of c.
This is in marked contrast to the case where the bulge is located at s = 0.

We consider anisotropic unduloids for the functional whose Wulff shape is generated by the
curve u* + v? = 1, (see Figure 4 below). The curvature of this Wulff shape is positive except at
points where u = 0. However the image X|[—o0,00] is contained in a band centered around the
circle v = 0 so the Wulff shape may be perturbed near the points where v = 0 to a uniformly
convex one without changing the values of the calculations given below.

For A = —1/2, let
I(c):/ qx ds .
0

As shown above, X[—sy, sy] is stable if and only if I(c) > 0 holds. Numerical calculations give
1(0.25) = —.03530099746, 1(0.50) = —.0835067556, I(0.8) = —.0182154406,

1(0.82557) = —.0001892275, 1(0.9) = .068234681, I(1.0) =.204462164 .
This indicates that X[—sy, s;] is stable if and only if ¢ > ¢y &~ 0.82557 holds.

9 Stability of anisotropic nodoid

Let us assume that X : R x S' — R3, X(s,0) = (z(s)e'?, 2(s)) is an anisotropic nodoid for a
rotationally symmetric integrand F' = F'(v3) and F'(v3) is an even function. We may assume that
s = 0 corresponds to a bulge of X and z(0) = 0. Let sy (resp. sy) be the smallest positive number
which corresponds to a point where z’ vanishes (resp. a neck of X).

The following result will be shown, which means that any embedded capillary surface X[—sg, so]
of the type described above between two parallel planes is stable.
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Theorem 9.1 Assume that F(v3) is an even function. Let X be an anisotropic
bulge occurring when s = 0. Then, for any so € (0, s1], X[—so, o] is stable.

Let w be the even Jacobi field which satisfies

Lemma 9.1 There exists a unique value o € (0, sy) such that

> 0, 0<s<aq,
w(s) ¢ =0, s =q,
<0, a<s< sy

Proof. Denote by )\? [s1, s2] the jth eigenvalue of the problem
L[¢] :_)‘Dwa ¢|8[51,52] :Oa ¢€H1([51,82] X Sl) :Hl(z)

Denote by S\f [s1, s2] the jth eigenvalue of the problem

Llp] = =2NPzp,  9lojs,,s0) =0, ¢ € H'([s1, 52]).

And denote by /\j’D[sh s2] the jth eigenvalue of the problem

Il = =A"Pan, nlo ) =0, n € H'([s1,52]).

nodoid with a

(78)

Since, because of (47), 2’ is an eigenfunction belonging to AP [—sy, sy] = 0, there exists a unique

value a € (0, sn) such that (75) holds.

On the other hand, from (45), L[v1] = 0. Since 2'|gx[—s,,
domains of vy is two, AP[—ss,s;] < 0 holds. Therefore, AP[—s;,s;] < 0 holds.
eigenfunction belonging to AP [—s7, s7]. We know, from Lemma 6.3,

27

0>Z[] > [ T[] do+27Z[]

s;] = 0 and the number of the nodal

Let 9 be an

holds. However, from (48), 2’ is an eigenfunction belonging to )\i]’D[—S], s7] =0, and so

JC >0

holds. Therefore, R
0 > 2nZ[p],

which implies that AP[—s;, s;] < 0. Consequently we have a € (0, s;). g.e.d.

Proof of Theorem 9.1. In view of Lemmas 7.4 and 9.1, the result follows by a similar way to the

proofs of Lemmas 8.4, 8.6. q.e.d.
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10 Stability of the anisotropic catenoid

We consider an anisotropic catenoid C for a rotationally symmetric even integrand F = F(vs).
C is parametrized as X : R x S' — R3, X(5,0) = (2(s)e’, 2(s)). We may assume that s = 0
corresponds to the neck of X and z(0) = 0. We denote by N the neck size z(0).

We will show the following criterion for the stability:

Theorem 10.1 Let X[s1, s3], $1 < s2 be a domain in an anisotropic catenoid. Then X|[s1, 2] is
stable for the free boundary problem if and only if the expression

2{9(/:2 z? dz)2—5(z(52)—z(sl))/82 z? dz} (79)

51

is non negative.

This is a generalization of a result which was proved by Zhou [15] in the isotropic case. In fact, in
the isotropic case, (79) reduces to (1) in Zhou [15] in the following way: If the (isotropic) catenoid
is given by (z,2) = (coshz,z), then the normal is v = (coth ze’®, —tanh z) =: (sinfe'®, cosf).
Since tanh z = cos 6, we have dz/ cosh? z = sin0df, so dz = df/sin@. Using 1/z = sin 6, it is easy
to transform the integrals in Zhou [15] into the ones appearing in (79).

Later in this section, we will show Theorem 10.1 by a different method than the one given in
Zhou [15].

We note that in [15], Zhou produced examples of domains in an (isotropic) catenoid which show
that the property of monotonicity does not hold for stability of domains for the free boundary
problem with wetting. Specifically, an unstable domain may be a subset of a stable one. We do
however have the following.

Corollary 10.1 Let X be an immersion of an anisotropic catenoid. For s fized and all s > 0
sufficiently small, X[s1,s1 + 8], X[s1 — s,s1] are stable, while for all s > 0 sufficiently large,
X[s1,81 + 8], X[s1 — s,81] are unstable.

The proof of this result will be given after the proof of Theorem 10.1.

In view of Lemmas 7.2, 7.4, in order to determine the stability of X[sq, sq], it is sufficient to
know the sign of the integral fssf ¢z ds for a function ¢ satisfying L[¢] = = and B, [9]lo[s,.55] = O-
Here, instead of using Lemma 7.4, we will prove that As[s1, s2] vanishes directly by comparing it
with the corresponding eigenvalue for a part of the Wulff shape, and, by using this, we will show
that o [s1,82] > 0 holds. First, we will prove an interesting fact that the anisotropic Gauss map
of the anisotropic catenoid is conformal, which will be used to prove Az[s1, s3] = 0.

Proposition 10.1 The anisotropic Gauss map
x:C—W
D= DF|V(p) +Fu(p)

is conformal. If o — (u(o),v(0)) is the arc length parameterization of the profile curve of W, then
the metrics ds? on C and ds3, on W are related by



here c is the “flux parameter” given by 2uzr = c.

Proof. With the usual notation,

2
ds? = ds? + 22d§? = ds? + (i) d6? .
2u
We have 7, = z,u, = —(¢/2)u"%u, and 2, = 248, = Vo2, = —(c/2)u"?v,. Thus ds =
V22 + 22do = (|c|/2)u"2do. Using this above gives

ds% = (%)u“lda2 + (%)U_Zdﬁz = (%)u“l(da2 + u2d92): (%)u“lds%v .

q.e.d.

Remark 10.1 It can be shown that, in general, the Gauss map of an anisotropic Delaunay surface
is harmonic.

Proposition 10.2 Let X : R x S' — R3 be an anisotropic catenoid. Then, for any s, < s,
Az2[s1, $2] = 0 holds.

Proof. 'We know, from Lemma 7.1, L[v;] = 0 and B[v;] = 0 hold. Therefore, 0 is an eigenvalue
of the problem (42). Since the number of the nodal domains is two, A; := A;[s1, s2] = 0 for some
j > 2. Therefore, in order to prove Ao = 0, it is sufficient to show Ay > 0.

The image of X[s1, s2] under the anisotropic Gauss map is a domain x[o1, 02| in W which is the
minimizer for an appropriate free boundary problem by Theorem 4.1. If LY denotes the Jacobi
operator for the Wulff shape, then we claim that, acting on functions f = f(s),

4N 4w
L= (g)u L (80)
holds. Since 4u*/c? = — Ky /Ky, this generalizes the classical identity

L=A-2K = (-K)(A+2)

between the stability operator of a minimal surface and the Laplacian A on §2.
We may rescale the immersion so that ¢ = 2 holds. Note that by the previous proposition
05 =u? = —k1/u1 = ko/us holds. Using this, we obtain
1/x k? k32
Llf] = *(ffs) + (—1 + -2
T \ 1 s M1 H2

_ o ooaflfu B AT W
- <u(u1f”>a 2HWf>uL [f] .

)f = uo, (%Usfo)g + ut (1 + pi2)

Also the boundary operator is transformed according to

(g (220)) = =0 (oo - (2ot

= u*B"[f],

Bf]
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using v, = z,, where B" is the boundary operator for the Wulff shape.

Therefore, if Ay < 0 holds, then there exists f;, i = 1,2 on [0y, 02] x S* with LW[f;] +
u~*\; f; = 0 which satisfies BV [f;] = 0 on the boundary. Also, since the eigenvalues are distinct
and the boundary value problem is self-adjoint, the {f1, fo} may be assumed to be orthonormal in
LQ([Sl, 52] X Sl, dZ)

For any smooth g on [o1,02] x S we can find a linear combination f = af; + bfy which is
orthogonal to g on L?([o1, 0] x S, d¥yy ), where d¥y is the area form of the Wulff shape W. We
then have

—/fﬁﬂﬂﬁ@»: /jmhwﬂﬁ+mw4bﬁmw
— [tah+brerfs + brafe) dS
= (a2)\1 + b2)\2) <0.

We thus obtain that x[o1, 03] is unstable which clearly contradicts Theorem 4.1. q.e.d.

Corollary 10.2 Under the same assumption in Proposition 10.2, Ao [s1, $2] > 0 holds.

Proof. 1t is clear that, from Proposition 10.2, 5:2 = ;\2[51, 82] > 0 holds. Assume now that Ao =0
holds. Let ¢ be an eigenfunction belonging to Ay. Note that by Lemma 7.1, 2’ and ¢ are linearly
independent solutions of L = 0. Hence,  is represented as ¢ = ax’ + bq, where a, b are constants.
However, from (84) below, Bi[az’ + bql|s, = Bi[az’ + bql|s, = 0 implies that a = b = 0, which is a
contradiction. q.e.d.

Let

V(s):= 71'/ r2dz = 77/ x?2 ds
0 0
be =+ the volume inside X0, s].
Lemma 10.1 An even, rotationally symmetric solution of L[¢] = 1 is given by

6= g5 e — GVl + o] = G5 (o - ymv'},

where
§=—N22"(0)/11(0) < 0. (81)

Proof. Note that by Lemma 7.1, we have L[z'] = 0 = L[g]. The solution of L[¢] =1 can be found
by variation of parameters using the odd Jacobi field 2’ and the even Jacobi field q. As usual, one
looks for unknown functions «, 3 satisfying

6=ar'+Ba, a'a/+Hq=0.
Using the notation of Chapter 6, the equation L[¢] = 1, is equivalent to the equation

(%aﬁ) + Qo=
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Straightforward calculations then yield that «, § satisfy

(o 0)(5)=() e

Because both z’ and ¢ are solutions of L = 0,
a'q —2"q = (o) /x (83)

for a constant §, so that the previous system of equations has solution o' = —(qz)/8, 5’ = (z2') /4.
Thus, 8 = 22/(26) and

_ e — e as— V) 1 2_/52
a = 5/033(332' x'z)ds = 6{ - 2(2’3: ; x dz)

_I(V(s) za? N V(s)) 1 (xgz - 3V(s)>.

1) T 2 om ) 2 T

The numerical value (81) of the constant ¢ can be obtained by setting s = 0 in (83) using 2’(0) = 0.
q.e.d.

Proof of Theorem 10.1. By using the formulas (cf. Lemma 7.1)

— kl
p1ko ’

Byjq = 21 (34)

B2 = ==
1[2’] ks

we get
3V k

o Eﬂlkg '

Using the formulas (84) and (85), we seek a solution of L[g] = constant on [s1, s2] with Bi[g] =0
on J[s1, s2], of the form

Bi[¢] = aBi[2'] + BBi[q]

g =a1¢+ asq + azx’ .

Since kk does not vanish on C, we have
H1R2
a1(3‘2/7_(‘_?)) +agz(si) —az3=0, i=1,2. (86)

A calculation yields, using (86),

° ai 5 ° 4 3 2 s 3 o2 2 1 2|8 IQS
ll gxds - 26<2/5\1 ! dz_%x V|ST +a 5 s1 v dz—gZiE s? +a3(? sf)

5 52 3 52
= % . x4dz+32/31 z?dz . (87)

A solution of (86) is given by

—27d
3

(ar,a2,05) = (5= (2(52) = 2(51)), V(s2) = V1), V(s2)2(s1) = Vis1)z(s2)) . (88)
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Note that if so > s1, then z(s2) > z(s1). Then a; > 0 holds so that L[g] = a1 is a positive constant.
(87) and (88) gives

/:2 gx ds = 2{9( /82 2? dz )2 —5(2(s2) — 2(s1)) /S2 z? dz}. (89)

S1 S1

This with Lemma 7.2, Corollary 10.2 gives the desired result. q.e.d.

Proof of Corollary 10.1. Let z; = z(s1) and let

D(21,2) i= 9(/Zx2 d2)2 - 5(2721)/24 dz.

Z1 zZ1
The first statement follows by applying the mean value theorem for integrals. We can find &7, &>
between z; and z such that

z

22(&)(z—2) = /ZacQ dz, 24 (&) (2 — 21) :/ ztdz,

zZ1 zZ1
and hence
D(z1,2) = (2 — 21)*(92% (&1) — 52%(¢2)) > 0
holds for 0 < |z — z| = 0.
If the anisotropic catenoid is normalized so that ¢ = 2, then x2’/us = 1 holds and 1/us has a
positive lower bound and is also bounded above. We then obtain, for all p > 1,

s=+o00 s=to0 s=to0
/ 2P dz = / 2P ds = / poxP ™t ds = £oo
§=81 §=81 §=81

since x has a positive lower bound and because the anisotropic catenoid is complete. Note also
that since = 1/u, we have © — oo as u — 0.
In view of Lemma 5.2, the height function z is unbounded. Using ’'Hopital’s rule,

. ( sz 12 dz )2 . 2 ZZ xz dz . T . Uy
lim ———— = lim —— = lim — = lim —, (90)
z—+oo fz x4 dz z— o0 xr2 z—Fo0 T, u—0 U
1

using that x = 1/u and z, = u,. Since v(u) is even, we have v, (u = 0) = 0 and so, v, /u = O(1)
as u — 0. This gives
(7 a2z
lim sup =t

z—3o00 (Z — Zl) f;l x4 dz =0,

and so I'(z1, 2) < 0 holds for all z with |z| >> 0. q.e.d

Example 10.1 We consider an anisotropic catenoid C obtained from the Wulff shape W =
{((z1)® + (22)?)? + (23)® = 1} having flux parameter ¢ = 2. (See Figures 1, 2 and 4.) This
Wulff shape has strictly positive curvature except at the points where x3 # +1. The integral
appearing in (89) can be transformed into an integral over a domain in W = {u? 4+ v? = 1}, using

x=1/u, dz = zvdu = (—u"2)(=2u®(1 — u*) Y2 du = 2u(1 — )"V 2du.
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We obtain

/Osgx ds = (%)F, (91)

where )
t t t
2 2u 2
I':=9 /7(111 —5/ du du,
< 1 uV1—uf > 1 VI—ur w1 =
Note that the height function is bounded so that the ends of C are planer (Figure 2). A plot of the
function is shown in Figure 3.

t = u(s).

11  Characterization of stable equilibria with wy=w; > 0

In this section we will treat equilibria for rotationally symmetric energy functionals satisfying some
additional conditions. We will be able to obtain a complete characterization of the stable critical
points when wy = wy > 0 holds. We will assume that the anisotropic energy functional F is chosen
such that its Wulff shape W satisfies:

W1. W is a smooth, uniformly convex surface of revolution with vertical rotation axis.
W2. W is invariant with respect to reflection through the horizontal plane xz3 = 0.

W3. The curvature function of the generating curve of W with respect to the inward pointing
normal is a non-decreasing function of arc length on {z3 > 0} as one moves in an upward
direction.

We will show

Theorem 11.1 Let X be an embedded equilibrium capillary surface with free boundary on two
horizontal planes for the functional

E=F+wAy+wAi,

with w > 0 and with the Wulff shape for the functional satisfying the conditions W1 — W38 stated
above. Assume that X is an embedding and that its image is contained in the region between the
planes. If w =0, then X is stable if and only if the surface is a sufficiently short cylinder or a half
of the Wulff shape. If w > 0 holds, then X is stable if and only if X is a portion of an anisotropic
Delaunay surface whose generating curve has no inflection points in its interior.

Figure 5 Shows the generating curve of an anisotropic unduloid for the functional whose Wulff
shape is given in Figure 4. The figure shows the largest stable, symmetric region. A part of the
corresponding unduloid is shown in Figure 6

The rest of this section will be devoted to the proof of Theorem 11.1.

The case w = 0 was treated in [11] and the result stated above is proved there.

Assume that w > 0 holds. Let X[sq,s2] : [s1,82] x S — Q, X(s,0) = (z(s)e??, 2(s)), be an
embedded capillary surface. In view of Lemma 3.2,

2'(s1) = —2'(s2) >0 (92)
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holds. Hence, the image of X is either a part of the Wulff shape, or a part of an anisotropic
unduloid or nodoid which has a bulge in its interior. In the case where the surface is part of the
Wulff shape, we know that its generating curve contains no inflection points and we also know
from Section 4 that the surface minimizes the functional so it is clearly stable. We will ignore this
surface from now on and treat only anisotropic unduloids and nodoids.

Let C be the portion of the generating curve of the anisotropic Delaunay surface between the
two bounding planes. There are five cases:

Case(I) C has no inflection point.

Case(II) C has only one inflection point.

(
Case(III) Both endpoints of C' are inflection points, and C has no inflection point in its interior.
Case(IV) C has exactly two inflection points in its interior.

(

Case(V) C has at least three inflection points.

In Cases(I) and (III), the stability of the surface follows from Theorems 8.1(i) and 9.1. In
Case(IV), the instability follows from Theorem 8.1(ii). In Case(V), from (92), C has at least three
zeros of 2’ in its interior. Since L[z'] = 0, the second Dirichlet eigenvalue AJ[s1, 5] for the Jacobi
operator L is negative. Hence, Ao [51,82] < AJ[s1,52] < 0, which implies that the surface X[sy, so]
is unstable. Only Case(II) remains to be considered and this is the only case where the condition
W3 will be used.

Lemma 11.1 Assume that X : R x S' — R? is an anisotropic unduloid for a rotationally sym-
metric integrand F' = F(vs) and F(v3) is an even function. Assume also that s = 0 corresponds
to a bulge of X. Denote by sy, sy the smallest positive numbers which correspond to an inflection
point, a neck of X, respectively. Let w be the even Jacobi field defined by (62). Denote by « the
smallest positive number s with w(s) = 0. Set

e’ (8) L, 0 <s<spy,
p(a’)?
f(s):= / 51 / s ds (93)
—2c12°(8) + cox’ (s , —sy <s<0.
1 ( ) 2 ( ) s p(x/)g N
Then,
a< sy f'(0)>0 (94)

holds. In particular, if the Wulff shape satisfies the condition W3, then o < sy holds.

Proof. Since
0=w'(0) = c12”(0) + f/(0), 2"(0) <0

holds,
1 >0« f(0)>0 (95)

holds. On the other hand, since z'(s) < 0 (0 < s < sy) holds,

c1>0<=w(s) <0 (s; <Vs<sy)<= a<ss (96)
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holds. (95) with (96) implies (94). Moreover, we proved in [11, Lemma 5.3] that, if the Wulff shape
satisfies W3, then f’(0) > 0 holds. q.e.d.

Now assume Case(II). We may assume that s = 0 corresponds to a bulge and z(0) = 0. Also
we may assume that the considered embedding X (s, so] satisfies —s; < 51 < 0 < 87 < 82 < Sy
where s; corresponds to an inflection point and sy corresponds to a neck.

Set

W(s) = w(s) + az'(s),

here a is a real constant and w, as before, is the even Jacobi field.
We would like to define the constant a so that ¢ has (at least) one zero in $; < s < s9 and
w/ Z” wl ZN
— > — at s=sy, — < — ats=s 97
Y~ RN ’ o7
holds.
Assume for now that we can prove this. Then, 1 is an eigenfunction belonging to the jth
eigenvalue \; = 0 of the following eigenvalue problem for some j > 2:

o)l =0 (- )

Therefore, from (97), by using Lemma 13.3 (ii) below,

=0, @& H ([s1,8]). (98)

8§=82

Llp] = =z, (d—

s=s1

5\2[81782] < 5\2 < S\j =0

holds. Therefore, X[s1, s3] is unstable.

By a similar computation to the derivation of (66) in Section 8, we have

1
2 — 2 = H(q/}klx + copn2'). (99)
We will find a so that
>0 and Ykix+copz >0 at s=sq, (100)
<0 and Ykiz+couz <0 ats=sy (101)

are satisfied. Then, (97) is satisfied and we are done.
Because of (92), p1|s=s; = pi1]s=s, and z’(s1) = 2'(s2) hold. Also, k1(s1) < 0 and k1(s2) > 0
hold. Therefore,
(100)&(101) <= 1p(s1) > 0,9(82) < 0, |[Yk12|s=s, > Coft12 |s=sy = Copt12 |s=s; > [Wk12|s=s,
(102)
holds.

Recall the representation formula stated in Proposition 5.1. We compute

n"_r v
ki =2"2 — 22" = (UpoVs — UsVpo )0,
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_ —AVu? 4+ Ac
Ve fActu

klx = —\/m (ua-g'vg' - UJ'UO'O')

o5 = (2,)7"

Hence,

holds. Since

H1 = ‘UUUUJ - uovaa‘a

we have
|k12]s=s, = |Kk12]s=s,, |kiz| = Vu? + Ac ps.

By using (102) and (103), we have

2!

vu2 + Ac

co?!

(100)&(101) <= —1)(s5) > T

> 1/}(51) >0

§=81

Now we will find a which satisfies the right hand side of (104), that is,

o2’

vu? + Ac

co2’

s—ss C Vu?F Ac

—(w(s2) + az’(s2)) > > w(sy) + az’(s1) > 0.

§=81

Set

P :=1'(s1).
Then,

7' (s9) = —P,
and

P>0
holds. Set
2! co?!

VuZ+ Acl_,, Vu®+Ac

S$=81

We will show
—w(s1) > w(sz2)

holds. Once this is done, we can take a so that

A —w(sy)
P

A+ w(s2) w(sl)}
P ’ P '

>a>max{ —

This a satisfies (105), and the instability of X sy, s2] holds.

(103)

(104)

(105)

(106)

(107)

We will show (106). We will use the expression of w in terms of the generating curve (u,v) of

the Wulff shape.
By Lemma 11.1,

F0)>0=c1 >0+ w(s) <0 (sy <Vs<sy) < a<ss
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holds. Set oy := o(sy). It is easily seen that

I (ug)2Vu?+Ac
g “UgoVo FUsVoo ]y
b

f(s) =
—C2Uqs fUI (ua)2 /’LL2+AC

o _
Colly " Mda7 0<s< S,
S < s < SN

holds. Therefore,
f(=s1) >0, f(s2) =—f(s1)

holds. Hence, we obtain
w(s1) = w(=s1) = 17’ (=s1) + f(=s1) = —e12'(s1) + f(=s1),

w(sg) = c12'(s2) + f(s2) = —c12(s1) — f(=s1).

Therefore,
—w(sy) —w(s2) = 2c12'(s1)

holds. Since 2’(s1) > 0,
—w(s1) > w(sg) <1 >0 (109)

holds. By using (108) and (109),
—w(s1) > w(sz) < f'(0) >0

holds. In [11], it was shown that if the generating curve (u,v) of the Wulff shape satisfies the
curvature condition W3, then f/(0) > 0 holds. This completes the proof. g.e.d.

12 Stability for the case where one of w; is equal to zero

In the previous section, we determined the stability (or instability) for each critical point in terms
of its geometric property when the Wulff shape satisfies certain conditions and wy = w; > 0 holds.
In this section, we will study the stability for equilibria in the case where either wq or w; is equal to
zero. In this case, there is no such a complete characterization of the stable critical points, which
will be shown below.

Before stating the main theorem of this section, we will show:

Proposition 12.1 Let X(s,0) = (z(s)e?, 2(s)) be an immersion of an anisotropic Delaunay sur-
face for a rotationally symmetric even integrand F = F(vs). Let X[—so, so], so > 0 be a symmetric
subdomain with either a neck or a bulge occurring when s = 0. Then X[—so, so| is stable if and
only if X0, so] is stable and 5\2[—50, s0] > 0 holds.

Proof. We may assume that 2(0) = 0. Suppose first that X[—sg, so] is stable. Then clearly
5\2[730, s0] > 0 holds. If a volume preserving, energy decreasing variation of X0, so| existed which
maintained the free boundary conditions, then this variation could be reflected across the plane
{x3 = 0} to produce a volume preserving, energy decreasing variation of X[—sg, so], so X[0, so] is
stable.

We now assume X [0, sq] is stable and Ay[—s0, s0] > 0 holds. If X\[0,s0] > 0 then let 91 be
a corresponding eigenfunction. Note that ¥; does not change sign in [0, sg]. Since z”(0) = 0 we
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have 0 = B [t1]s—0 = (/p1)1 (0). The even reflection ¢y of 1y satisfies (L + A1[0, so])[¢1] = 0 on

[—s0, 50] and 91 does not change sign. It follows that A[—so, so] > 0 and so X[—sq, so] is stable.
Now suppose 5\1[0, s0] < 0 holds. We then know, by stability of X[0, s¢] and Lemma 7.2, that

0 < X2[0, 50] holds and there is a function ¢ satisfying L[¢] = = on [0, s, B1[¢] = 0 on 9|0, s¢] and

S0
/ oxrds >0
0

holds. As before, we have 0 = Bj[#]s=0 = (z/111)¢’(0). The even extension ¢ of ¢ thus satisfies
L[¢] = on [_80750]’ Bl [¢] =0on 8[_80a80]' AISO7

S

0 S0
(bacds:Z/ oxrds > 0.
0

—s0

Therefore X[—sg, so] is stable. q.e.d.

Now we give the main results of this section.

Theorem 12.1 Assume that the Wulff shape satisfies the conditions W1-W3 of the previous sec-
tion and that X is an equilibrium surface for the functional

E:=F +woAp +wi Ay,

with wg = 0 and wy > 0. Assume also that X is an embedding and that its image lies between
the two supporting planes. Then the image of X is part of an anisotropic Delaunay surface with
generating curve C.

(i) If C has no interior inflection point, then it is stable.

(ii) If C has exactly one inflection point in its closure and it is an interior point, then there is
no conclusion. More precisely, both stable and unstable such surfaces of this type exist.

(i51) If C' has more than one inflection points in its closure, then it is unstable.

The following Propositions 12.2, 12.3 give examples for each of the two cases in Theorem 12.1
(ii). They will be proved later in this section.

Proposition 12.2 Assume that the Wulff shape satisfies the same assumptions as in Theorem
12.1. Let sy be the smallest positive number which corresponds to an inflection point of X. Let
X (5,0) = (x(s)e', 2(s)) be an anisotropic unduloid with a bulge occurring when s = 0. Then, for
small € > 0, X[0, sy + €] is stable.

Remark 12.1 Proposition 12.2 with Lemma 8.1 shows that we cannot omit the condition Ap[—3, 8] >
0 in Proposition 12.1.

Proposition 12.3 Assume that the Wulff shape satisfies the same assumptions as in Theorem
12.1. Let X (5,0) = (z(s)e, z(s)) be an anisotropic unduloid with either a neck or a bulge occurring
when s = 0. Denote by T the half period of x(s). Then, for e1,ea € R with small |e1| and |es],
Xer, T + €3] is unstable.
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The rest of this section will be devoted to the proof of these results.

Proof of Theorem 12.1. There are the following four cases:

Case(I) C has no inflection points in its closure.

Case(II) The upper endpoint of C'is an inflection point, and C has no inflection point in its interior.
Case(III) C has exactly one inflection point in its closure and it is an interior point.
(

Case(IV) C contains at least two inflection points in its closure.

Since Propositions 12.2, 12.3 prove (ii), we need to examine only Cases(I), (II), and (IV).

We can again assume that the surface is of the form X [0, s;] where X is part of the Wulff shape
or a suitable part of an anisotropic unduloid or nodoid having a neck or bulge on the plane z = 0
which corresponds to the value s = 0. If the surface is part of the Wulff shape, then as in Theorem
4.1, it is automatically stable and there are no inflection points. We will ignore this case from now
on.

In Cases(I) and (II), s = 0 must correspond to a bulge. (If s = 0 were a neck then because
w1 > 0 holds, the generating curve would necessarily contain an inflection point in its interior.)
The stability of X[0, s1] then follows from Proposition 12.1, Theorems 8.1 (i) and 9.1.

We will show that, in Case(IV), the surface is unstable. In this case, the surface must be an
anisotropic unduloid. We will denote by T' the half period of z(s).

If a bulge is located at s = 0, then since w; > 0 holds, the surface contains at least one neck
at s = T and one bulge at s = 2T in its interior. Then, since L[z'] = 0, the second Dirichlet
eigenvalue of the Jacobi operator must be negative, and so the surface is unstable also for the free
boundary problem.

Now we consider the situation when a neck is located at s = 0. By standard ODE theory,
there is a unique zero « € [0,7T] of the even Jacobi field w since the endpoints of this interval are
consecutive zeroes of 2’. It follows, by using w, that the first eigenvalue A1 ([0, a]) of the partially
free boundary value problem (cf. (53)) is zero, where s = 0 is considered as the free boundary and
s = « is considered as the fixed boundary.

Now we consider a second partially free boundary value problem (cf. (54)) on [T, sor], where
so7 is the first inflection point above T'. Consider s = T as the fixed boundary and s = sy; as the
free one and denote the first eigenvalue by A, ([T, s2;7]). By using the function 2/, one sees that this
eigenvalue is zero.

First consider the surface X0, so7]. Since both the eigenvalues considered above are monoton-
ically decreasing with respect to their fixed boundary components and since a < T holds, we can
find € € (0, (T — «)/2) so that A1([0, + ¢€]) < 0 and A, ([T — €, s27]) < 0 hold. A suitable linear
combination of the eigenfunctions for these two eigenvalues will have integral zero and it can be
extended to equal zero on [a+¢€,T — €] to give an admissible, energy decreasing, volume preserving
variation.

Now consider X|[0, s3] with sof < sy < 2T, where s = 2T is the first neck above s = 0.
In this case we can again take a linear combination of the eigenfunctions for A; ([0, + ¢]) and
A ([T — €, s21]) which has been extended to equal zero on [a+ €,T — €] and continuously extended
to be constant on [s2r, s2]. By considering the second variation formula in the form given by (38),
one sees that because of the sign 2" > 0 on [say, s2], the second variation will still be negative.
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Finally, consider X0, so] with 27" < s5. Since the second Dirichlet eigenvalue of the Jacobi
operator on [0,27] is zero, it is negative on [0, s3]. Therefore, A2[0, s2] < 0, which implies that
X0, s2] is unstable. q.e.d.

In the rest of this section, we will assume that X(s,0) = (2(s)e’,2(s)) is an anisotropic
unduloid and s = 0 corresponds to a bulge.

Proof of Proposition 12.2. In view of Lemma 11.1, 0 < a < sy holds. Also note that w(s) < 0
holds for o < s < T, where T is the half period of x(s).
For so with w(sg) # 0, we set
/
w(sp)

Then, w is an eigenfunction belonging to the second eigenvalue A\J* = 0 of the eigenvalue problem
Lig] = =Xzp, ¢'(0)=0, (¢ —Rp)ls=s, =0, @€ H'([0,50]). (111)

By using (66) and (67), we have, for small € > 0, at s := sy +¢,
2w’ = 2"w <0, Biw] <0 (112)

holds. Because of the first inequality of (112), if w(sg) < 0, then (w’/w) > (2/Z") holds at s = so.
Therefore, from Lemma 13.3 (ii), )
)\2[0,80] > )\g =0

holds. On the other hand, from Lemma 7.3, A1[0, so] < 0 holds. Therefore, this is the case (IT) of
Lemma 7.2.

Set
_ Bl [Q] |s:so

680 = b)
Bi[w]]s=s0

(bSo = q + ﬁsaw'

Then,
Bi[¢so]]s=so =0
holds. On the other hand, L[¢s,] = L[g] = —Az holds (see (49)). Also, Bi[q]|s=s, = 0 holds, and

so s, = 0. Therefore,
S1 ST
/ d)s,xds:/ qrds >0
0 0

holds, where we used ¢ = 2z’ — 2’z >0 on 0 < s < T. Since [;° ¢5,x ds is continuous with respect
to sg,

S0
/ dsoxrds >0
0

holds for small € > 0. Therefore, in view of Lemma 7.2 (II-1), X[0, so] is stable. g.e.d.

Proof of Proposition 12.3. We take €1, €5 small so that ¢ < s; < T + e holds. Let f be
the function defined by (93). Then, since f(s;) = 0, f is an eigenfunction belonging to the jth
eigenvalue \; = 0 of the following eigenvalue problem for some j > 2:

f'(e1) )

Flen) P ome, =0 (‘Ol_f/(THz) )

f(T+e)”

=0, @€ HY ([e1,T+es)).

Llg] = -z, (’—
(] N e
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Note that f(0) = 1 and f(7) < 0 hold. Lemma 5.3 in [11] implies that f'(0) > 0 and f'(T) > 0

hold. Therefore, (0) (0) (T) (T)
FO) 20 )
o 7T T g T

holds. Hence, for €1, €2 € R with sufficiently small |e;], |ez],

f'ler) _ 2"(e1) f(Tte) (T+e)
fler) = 2(er)’ f(T+e)  2(T+e)

holds. Therefore, from Lemma 13.3 (ii),

holds, which implies that X[e;,T + €] is unstable. g.e.d.

13 Appendix: Minimizing properties of eigenvalues

The theory in this section is probably well-known. It is included for the reader’s convenience.
Let p > 0, Q be (sufficiently smooth) functions on the interval [0,1]. Set

JW] = (p¢") + Q¢ in [0,1].

Below, «, 3, a;, and (; represent real numbers. Set, on 9]0, (],

I t = O7 ! t = 07
Bla,p¥] == { %, B gz zt z _1, Bio, W] = { Zw Zt z —1

S {4 € C°([0,1]); 9 is piecewise C'' and piecewise C%on [0,1]},
S(a’ﬁ) = 87
S = {YeSyp(l) =0}

Set, for (a,b) = (o, 8), (0, %),

l
T[] = — /0 GIR) ds + B Wl % € Sy,

l l
H[Y] = /O WPds,  H[o,y) = /O pids,  SpES.

Then, it holds that

l
Lap)[¥] = /0 (p(¥")? = Qv?) ds — B(¥(1))* + a(¥(0))?, (113)

!
Lo [¥] = /0 (') — Qu?) ds. (114)
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We consider eigenvalue problem
JW] = _)‘w in [07 l]a B(a,b) [w] =0 on 8[05 l]? '(/] S S(a,b)- (115)

Denote by /\ga’b) < /\ga’b) < «-- the eigenvalues of (115). Let ega’b) be an eigenfunction of (115)
belonging to /\Z(-a’b) which satisfies

H[e(.a’b)] =1, H[ega’b),eg’b)] =0 (i#k).

K2

Then, the following Lemma holds (cf. [4]).
Lemma 13.1

N = T let™”] = min{ T (8] € St HW) = 1, Hh, e = 0 (k= 1,---,i = 1)}

(2

b)

holds. Moreover, 14 )[¢] = )\Ea’ holds if and only if ¢ satisfies (115) for A = )\ga’b),

Also, the following so-called min-max principle holds. Denote by Vi(a’b) the set of all i-
dimensional subspaces of S(, ). Then,

Lemma 13.2

(@) _ I H 11
A = i, Tl Hl) "

By using the above lemmas, we obtain the following:

Lemma 13.3 For each i € N, the following inequalities hold.

(i) If 8> 0 holds, then A" < A% holds.

(i) If an > as and By < (B2 holds, then /\Eal’ﬁl) > /\Z(.az’ﬁz) holds for all i € N. Here,
)\gm’ﬁl) = )\Eaz’ﬁz) holds for some i if and only if a1 = an and 1 = B2 holds.

(iii) Set NO900,1] := A" IF0 < 1y < Iy, then A°9[0,1,] > M"[0,15] holds.

Proof. (i) Because of (113) and (114), for ¢ € S,

Lo,p ] = T, [¥]
holds. Therefore, by Lemma 13.2, )\Z(O,B) < )\Z(O,*) holds. Moreover, by Lemma 13.1, )\Z(O,ﬂ) < )\Eo,*)
holds.

(ii) is proved also by using (113), Lemma 13.2, and Lemma 13.1.
(iii) holds from Lemma 13.1. q.e.d.

47



References

[1]

2]

Athanassenas, M., A variational problem for constant mean curvature surfaces with free
boundary, J. Reine Angew. Math. 377 (1987), 97-107.

Barbosa, J. L., and Do Carmo, M., Stability of hypersurfaces with constant mean curvature,
Math. Z. 185 (1984), 339-353.

Brothers, J. E. and Morgan, F., The isoperimetric theorem for general integrands, Michigan
Math. J. 41 (1994), 419-431.

Courant, R. and Hilbert, D., Methods of Mathematical Physics, Vol. 1, Interscience Publishers,
Inc., New York, N.Y., 1953.

Gilbarg, D. and Trudinger, N. S., Elliptic Partial Differential Equations of Second Order, Sec-
ond Edition, Grundlehren der mathematischen Wissenschaften 224, Springer-Verlag, Berlin-
Heidelberg-New York, 1983.

Hopf, H., Differential geometry in the large, Second edition, Lecture Notes in Mathematics
1000, Springer-Verlag, Berlin, 1989.

Koiso, M., Symmetry of hypersurfaces of constant mean curvature with symmetric boundary,
Math. Zeit. 191 (1986), 567-574.

Koiso, M., Deformation and stability of surfaces with constant mean curvature, Tohoku Math.
J. (2) 54 (2002), 145-159.

Koiso, M. and Palmer, B., On a variational problem for soap films with gravity and partially
free boundary, Journal of the Mathematical Society of Japan 57 (2005), 333-355.

Koiso, M. and Palmer, B., Geometry and stability of surfaces with constant anisotropic mean
curvature, Indiana University Mathematics Journal 54 (2005), 1817-1852.

Koiso, M. and Palmer, B., Stability of anisotropic capillary surfaces between two parallel
planes, Calculus of Variations and Partial Differential Equations 25 (2006), 275-298.

Vogel, T. 1., Stability of a liquid drop trapped between two parallel planes, SIAM J. Appl.
Math. 47 (1987), 516-525.

Vogel, T. 1., Stability of a liquid drop trapped between two parallel planes II, General contact
angles, SIAM J. Appl. Math. 49 (1989), 1009-1028.

Winterbottom, W. L., Equilibrium shape of a small particle in contact with a foreign substrate,
Acta Metal. 15 (1967), 303-310.

Zhou, L., On stability of a catenoidal liquid bridge, Pacific J. Math. 178 (1997), 185-198.

48



—0.27

—0.6

-0.8 1

-1.24
-1.41

Figure 1: The generating curve of the

anisotropic catenoid C of Example 10.1. The
Waulff shape is given in Figure 4. The hori-
zontal line indicates the depth to which C is
stable for the free boundary problem.
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Figure 2: The corresponding end
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Figure 3: Plot of I' as a function of ¢.
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Figure 4: The generating curve of the Wulff
shape W given by u* + v? = 1.
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Figure 5: The generating curve of an
anisotropic unduloid U for the functional
with Wulff shape W in Figure 4, with A =
—1/2 and ¢ = 1. The part of the curve be-

tween the dotted lines generates the largest
symmetric stable region in U.



Figure 6: A part of the anisotropic unduloid generated by the curve in Figure 5.
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