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Reflection group data

W

CY = ZR<0%’

1=1

finite reflection group

noncrystallographic: no known geometry

Ficure 1. Coxeter diagrams

m 5 5
Iy(m) Hj Hy

reflection representation of W

roots in —1-eigenspace of reflections

co-roots in Hompg(hj, R) so that a¥(a) = 2

reflections: s, = 2 — (x,a")a
reflecting hyperplanes,
H, = (+1 eigenspace of s,) = {z € b} | a”(z) = 0}

simple roots

simple co-roots

corresponding simple reflections

open negative cone with closure CV



By = cos()e; + sin(’%)gg, €1, €9 an orthonormal basis of b3 = R?

n

Ficure 2. Hyperplanes and roots for I5(7) and I5(8)



Hecke algebra definition
Additional ingredients:
W acts on complexification hi = C ®r bp.
W acts on symmetric algebra S(hi) (= polynomials on he = Home(hg, C)).
Fix parameters 0 # ¢, € C such that
Co = Cpo forw e W.
(If W acts irreducibly, 1 or 2 values depending on # orbits of W on roots.)

Group algebra is

CW = { Z Aty | Gy € C} with multiplication ¢t = tyw.
weWw

Graded Hecke algebra is H = CIWW @ S(hg)

with multiplication as in S(h¢) and in CW and
ats, = ts,s5i(v) + co, (T, )

x — si(x .
= tg,8;(x) + cai# for z € .

7

Center is Z(H) = S(hz)" = W-invariant polynomials on hc.



Weights and tempered representations

Z(H) acts on simple H-module M by scalars: for some 7 € b,
pm =~(p)m, forallme M, pc S(bs)".

Since y(p) = wy(p) for allw € W, any wy € Wr called central character of M.

For v € h¢, generalized y-weight space of finite dimensional H-module M is

ME" ={m € M | for all x € h¢, (z — v(2))"m = 0 for some k € Z-g}.

As S(bg)-modules

M =& M,

Y€bc

where 7 called a weight of M if Mg # 0.

Tempered H-module M has all weights in CV.

Square integrable=cuspidal H-module M has all weights in C'V.




Degree filtration and Kostka-Foulkes polynomials

M () a simple tempered H-module with real central character A.

Assume there exists v~ € M () such that t,0™ = —v™ for 1 <i < n.
True for example for principal series modules, but not always.

Define filtration on M () by
M\* = {pv~ | p € S(h*),deg(p) < k}.

For simple tempered H-module L(u), Kostka-Foulkes polynomial of M () is

() = 37 [MOVF /MO L] £

k>0

where [V : L(p)] is multiplicity of simple W-module L(x) in V.

A Springer correspondence: matrix of K),(?):

(a) is square,
(b) has nonzero diagonal entries,
(¢) is upper triangular.



Classical Springer correspondence
Fix usual data (G 2 B O T'), G connected reductive algebraic group over C.
Weyl group W = N(T')/T.
For u € G unipotent, component group (small finite, often trivial) is
Au) = Za(u)/Za(u)".

Springer fiber is B, = {Borel subgroups of G containing u}.

Springer (1976, 1978) discovered:
(a) H*(B,) is (W, A(u))-bimodule.

Can decompose H*(B,) according to the irreducible representations of A(u)

H*(B,) = EB H*(B,), ® p, H*(B,), is W-module.
peA(u)"

(b) H*P(B,), is simple W-module, denoted W (7).
(c) Every simple W-module arises this way and uniquely, up to conjugation.

Thus: {simple W-modules} «— {conjugacy classes of pairs (u, p)}.



Refinements of Springer correspondence

Borho, MacPherson (1981) explained (c) via intersection cohomology of unipo-
tent orbits O, with closure Q,.

K(u,p),(n,’r)<t) =0 unless @n - @Tu, and K(u,p),(u,p) =1.

In fact, K, ) n(t) are Poincaré polynomials for intersection cohomology

sheaves on Q,:

Kup) i) (t) =Y dim(HH(IC(@y, x")n)-))t".
k>0

Lusztig (~ 1990) showed pairs (u,p) index tempered simple modules of
graded Hecke algebra.
Main Results (K, Ram)
Can extend Springer correspondence to noncrystallographic setting.
Ir(m) for arbitrary parameters and Hs substantially complete.

H, calculations in progress.

See Tables.



Example. W =S, type A,—1. M(\) = Indgz(e)

Two bases for the spherical Hecke algebra, Hall-Littlewood polynomials P,
and Schur functions sy for partitions p and A, are related by

Pﬂ = Z K)\M(t)S)\
A

and K),(1) are usual Kostka numbers.

Example. Unique simple H-module M (0) of central character 0 € by is
M(0) = Indgﬂ(h*)(()) = C-span{t, ® vy | w € W},

where zvg = 0 for all z € b
As W-module, M = M(0) is isomorphic to the regular representation.

Have antispherical vector

Vo= Z (=)@t v,

weWw

and as W-module M* /M*~! is degree k homogeneous harmonic polynomials.

Thus the Kostka-Foulkes polynomials of M (0) are the fake degrees of W.

Example. Define p € g by p(a;) =1, for 1 <i < n.
Unique simple tempered H-module M (—p) with —p as a weight.

dim M (—p) = 1 and as W-module, M (—p) = ¢, sign representation.

Thus the Kostka-Foulkes polynomials of M (—p) are given by
K_,.=1, and K ,,=0, forpueWh" u#e.



Techniques

(a) Analyze weight space structure of M()\) = @ M (\)5™.
Controlled by Shi arrangement of central and affine hyperplanes.
Described combinatorially for v € C by
P(y)={a€R"|y(a)=1} and Z(y)={a€ R|7(a)=0},
and local regions, defined for each J C P(v) by

Fol ={weW | R(w)NZ(y) =0, Rw)N P(y) = J}.
FO) — chambers at 7 in hr «—— weights wy of M(\)
For any J C P(v),
dim M (A5 = dim M (X)5 for all u,w € FO-7),

uy ?

(b) Find good central characters.

If H-module is tempered and not cuspidal, then is induced from a tem-
pered representation on a parabolic subalgebra.

If H-module is cuspidal and has central character v, apply combina-
torics above at distinguished points where #P(v) = #Z(v) +n
(Heckman, Opdam).

Find greatest reducibility in principal series modules Indg(%)((:vy) at
such characters, (intersections of hyperplanes).
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Ficure 3. Hyperplanes for I5(7) and I5(8).



TasLe 1. Character table of WIy(m)

1

[N N [ St G G Y

S1

59

(s1s2)F, 1<k < |%]




Label

M+

M-+

Afm-1)/2

M1 <A< (%)

By = cos(

x This is correct for m odd, but not for m even.

(K - 1995; K, Ram - ERT, 2002)

km

n

Tempered

Representation

Indy (St ® 0)
Indy, (0 ® St)

Indy (St ® 0)

cuspidal

x

™

Jer + sin(;)sg,

Dimen-
sion

2m

220 —1

TasLe 2. Tempered representations of HIy(m)

Central
Character

(0,0)

(7)

€1, €9 an orthonormal basis of b = R?



TaBLE 3. Decomposition matrix for I(m)

dim. D A TR A
om MY 1 1 1 2
m M+~ 1 0 1
m M—T 1 1
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TasLE 4. Kostka-Foulkes polynomials for I5(m)
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TaBLE 5. Character table of W Hj
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Label

TABLE 6. Tempered representations of HH3

Tempered
Representation
Indj;, (St ® 0)
Indg: (130 ® 0)
Indy (St ® 0)
H
Indy,, (St ® 0)
cuspidal
H
Indy (St ®0)
cuspidal

cuspidal

cuspidal
Steinberg

Dimen-

sion

120

60

36

30

20

13

12

Central

Character in ¥ Basis
(0,0,0)

(r+ 1 dr)

(1,2,1)

(%7’—1— 1,7+ %,%T—l— %)
(r+1,27,7)
(37+2.27 =57 +3)
2r+1,21+2,7+1)
(214 2,21+ 3,7+ 2))
(gT+2,2T+2,%T+%)

(57 +3,57+4,57+3)

Z(7)

P(y)
Z(y)=R"
P(y) =10

Z(’Y) = {0417043}
P(v) = {ais}

Z(’Y) = {0417063}
P(’Y) = {0411,0412,041370414}

Z(7y) = {as}
P(v) = {ag, a13}

Z(v) = {1, a3}
P(v) = {au, a7, a5, 010}

Z(y) =10
P(”Y) = {0477048,049}

Z(v) = {a1, a3}
P(v) = {az, a5, a6, a9}

Z(y) =0
P(W) = {04370447045}
Z(v) =10
P(vy) = a4,a5,@6}
Z(v) =10
P(y) = {1, az, a3}



dim.

120
60
36
30
20
13
12

TaBLE 7. Decomposition matrix for Hj
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TaBLE 8. Kostka-Foulkes polynomials for Hj

X1 X3 X3 X3 X4

M1+ 1 t3 + t5 + t7 tl + t5 + t9 t2 + t4 + t6 + t8 + t10 t3 + t7 T t9 + 2511
M 1 2 t+ 3 t* + ¢4
M 1 t t*
M7 1 t
M 1
My
My
My
My
My
X1 X5 X3 X3 X1
A A el A A o A o A o A e A A o A e A A e LA A
t41° t* 4t 41 t5 +t7 o+t t®
3 2 4+ ¢4 PRI /3 /6
t2 t+ 3 ¢4 t2 ¢
t t* t3 t ¢
1 t t 0 t3

t t2 1 t3

1 0 t
1 0
1



